
 

 

Worksheet 6: Tuesday March 3 

TITLE Abel, Bolzano, Cauchy and Dedekind: The Rigor Debate in the Nineteenth Century 

CURRENT READING Katz, 766-787; Boyer 526-538; 

NEXT READING Katz, 1-14; Boyer 1-12 

 
Niels Henrik Abel (1802-1829) 

Abel’s life was brief but he made an indelible mark upon the history of mathematics. At age 16 he wrote a paper proving 

the exponent in the binomial expansion was valid for all real numbers. He was also the first person to prove that 

polynomials of degree 5 do not have closed form solutions in terms of radicals (unlike quadratic equations, cubic 

equations and quartic equations).  Several papers were published after his death (at the age of 26 due to tuberculosis in 

poverty!) that led to the development of group theory. The most prestigious annual prize in Mathematics is named after 

him. Abel Prizes have only been awarded (by the King of Norway) since 2002 but the notion of a prize on par with the 

Nobel Prizes was suggested in the lead up to the 100th anniversary of Abel’s birth when it was discovered there would be 

no Nobel Prize in Mathematics. 

 

Bernard Bolzano (1781-1848) 

Bolzano was a Czech mathematician who was familiar with the work of both Lagrange and Cauchy. Bolzano is most well 

known for his definition of continuity that is very similar to Cauchy’s. He was also known for his examples of function 

that refuted his contemporaries’’ mathematical intuition at the time. Known as “monster functions,” these include (i) a 

function that is not continuous anywhere; (ii) a function that is continuous at exactly one point; and (iii) a function that is 

continuous everywhere but nowhere differentiable. 

 

Augustin-Louis Cauchy (1789-1857) 

Cauchy was one of the most prolific mathematicians of all-time, probably second behind Euler. 

Cauchy was born in 1789 and initially educated by his father, although he began attending Ecole Polytechnique in 1805, 

where he gained attention from Lagrange and Laplace after placing second out of nearly 300 in the entrance exam. In 

1807, Cauchy went on to attend École des Ponts et Chaussées (Schools of Bridges and Highways) to become a civil 

engineer. However his engineering career was short-lived and by 1816 Cauchy was a full professor of mathematics at 

École Polytechnique. 

 

Richard Dedekind (1831-1916) 

Dedekind is most well-known for his contributions to analysis (i.e. the Dedekind cut can be used to formally define the 

real numbers) as well as to group theory. Dedekind was Gauss’ was the first person to formally define a field and an ideal; 

he made important contributions to the debate over rigor in mathematics in the mid-nineteenth century. 

 

The Nineteenth Century Debate Over Mathematical Rigor: The “Arithmetization of Analysis” 

The Nineteenth Century is where we can trace a lot of the way that we do mathematics now got its start. Mathematicians 

like Abel, Bolzano, Cauchy, Dedekind, Kronecker, Weierstrass among others. 
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Katz compiles some definitions of these terms throughout time in sidebars on page 768, 770 and 783. 

Definitions of “limit” 

 
 

Definitions of “continuity” 

 
 

Definitions of “function” 
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GroupWork 

Give the formal mathematical modern definition of limit, continuity and function. How does the modern definition 

compare to the historical ones presented earlier? 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Cauchy’s definition of the integral 

Suppose f (x) is continuous on a closed interval [x0,X] and there are n-1 values in this interval such that 

Xxxxxx nn  1210  then the sum S given by  

 

 
Which can also be re-written 

 
Cauchy showed that the partition (the choice of values in the interval) were irrelevant to the final value of S as long as n 

gets larger and larger, and he called the limit of this process the definite integral which is written 
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Mean Value Theorem for Integrals 

For some 0≤θ<1 
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Fundamental Theorem of Calculus 

Given f(x) is continuous in [x0,X] and x is in [x0,X] and 
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EXAMPLE 

Let’s prove the fundamental theorem of Calculus the way Cauchy did, using the mean value theorem and the additive 

property for definite integrals by using the limit definition of the derivative (also derived by Cauchy) on the function 

F(X). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Cauchy’s Error 

Cauchy falsely proved that an infinite series of continuous functions would be continuous. 

Abel found the error, which was an example of a Fourier series. Abel’s counter-example was: 

 
Which represents the periodic function x/2 on [0,π/2) with period π. 

 

GROUPWORK 

 What’s the error that Cauchy made? (HINT: what happens at x= π/2? 

 

 

 

 

 

 


