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TITLE Itroduction To Boundary Layers
CURRENT READING Logan, Sections 2.2.2 and 2.2.3

SUMMARY

This week we will be introduced to the concept of boundary layers, i.e. a solution to a
boundary value problem which is only valid during certain regions of the independent vari-
able.

CONSIDER
Given the boundary value problem

d? d
ed—z+(1+e)d—y—|—y:0, where e < 1 and 0<ax <1withy(0)=0, y(1)=1. (1)
x x

We'll asssume the usual regular perturbation solution of the form

y(x) = yo(z) + eyr(z) + Eyalx) + ... (2)

then we will produce a series of differential equations (with BOUNDARY conditions) of
various orders in epsilon which look like...

The O(1) equation is

d
=0, 10(0) =0, yo(1)=1 3)
x
The O(€) equation is
dyl _ " / _ _
Jr T =Y v n(0)=0, n(1)=0 (4)

EXAMPLE

Let’s solve these boundary value problems and see what happens. yo(z) = Ae™* is the
homogeneous solution of (3). What happens when you solve for A?

So, this means that this form will not work and we’re looking at a singular perturbation
problem and have to figure out something else.
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Let’s look again at the exact problem given in Equation (1)

ey +(1+ey +y=0 (5)

Notice that it has the form ay” + by’ + cy = 0 where a, b and ¢ are constant coefficients which
depend e. Assuming the ansatz of y = €"* you should be able show that the r satisfies the

following equation

. —(1+ 6)2:_— (1—¢) (©)

Exercise

Confirm that the exact solution to (5) by obtaining the values of r.

This means that the general exact solution to (5) is y(z) = Ae™® + Be™®/¢ which when
evaluated using the boundary conditions produces the exact solution to (1)

1
_ —x _ —x/e
y(l’) - 6_1 . 6_1/E (6 € (7)

Graphs of Exact Solutions to e y” + (€ + 1) y'+y=0, y(0)=0, y(1)=1 for various €
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Boundary Layer

Near one of the ends of interval of interest 0 < z < 1 the exact solution y(z) given in
Equation (7) changes very rapidly, in a very thin which happens to be of size e. This are of
rapid change is called a boundary layer. Many real-world physical problems like fluid flow
possess solutions which exhibit boundary layers.

We obtain the solution of the problem with a boundary layer by splitting the problem into
two: an inner approximate solution ¥,..-(x) and an outer approximate solution Yyyuter ().
Each piece of the problem has a region of validity.
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The Outer Problem
The outer solution is easier to find because it is valid when ¢ is ignored, i.e. in the range
where O(e) < x <1, so you can let € = 0 in the original problem given in (1)

yéuter + Youter = 07 youter(l) =1 (8)
Notice the inner boundary condition near x = 0 is ignored.

Solving the IVP in (8) gives us the solution yyuter(z) = €' 7%,

Exercise

You should check that the outer solution y,user () = €'~ satisfies the IVP given in Equation

(8)
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The Inner Problem
The inner solution is valid when 0 < x < O(€) which means its solves the problem

Eyglnner + (1 + E)ygnner + Yinner = 07 Yinner (0) =0 (9)

However, we don’t know how to solve this problem exactly since it is a second-order differ-
ential equation with only one condition on y(x). We’ll explore this further later.

We do, however know that the inner solution will have the form y(z) = A(e™ — e~%/€) from
when we used our ansatz and found the values of r.

It turns out that A = e! so that the inner solution has the form y(z) = ¢!~ — e!=#/¢. This
function solves the ODE and the inner boundary condition.

However, since this function is only valid for small values of x < 1 this implies that e!=®

so it can really be approximated by Yimner () = € — e 7%/€

Exercise

You should check that the function yiuner(z) =€ —e

(9)

~ e

1=z/¢ gatisfies the IVP given in Equation

Matching The Inner and Outer Approximations when €=0.1
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