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able. Separating variables, 1
~0.15ke™ ™
1) = —— TR T3]0
P = 7700133 ke

pS)y = 130 as the initial

74 CH
ntegraling, and sotving for p yields

which is akso separ

= 30 has p(3) = 30. Using condition, we get
o ~0.15.5%e
) = [ P T
! 00133 - 59 3%
1, we oblain

The solution with p(0)
3120

— 28.1 as the initial conditiot
1) = 0.15- 6i1.6e
p() = 750133 - 61.6¢3%

y = 3018 constant for 0 = 7 < § because 301
decays toward & new, smaller equilibrium al p
() = 20 grows toward the carrying capacity until
w, smaller equilibrium at p = 11.25.

fort = 5. Using pi3)
31/20

g the carrying capacity.
— 11.25. The solution
; = 5. Then it also

{d) The solution with (0
Fort > 3, the solution
with initial condition p
decreases toward the ne

EXERCISES FOR SECTION 1.4

]

1.
Table 1.1
Results of Buler's method 60

k L

Table 1.2
Results of Bu
rounded 10 tWo decimal

ler’s method (yk
places)

mg

1
0.75 03125
0.67 0.04835
0.68 0,282

1.0 Q.75
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Table 1.3
Results of Buler’s method (shown
rounded to two decimal places)
% Yk ny
0 0.25
~(.68
~1.85
-~2.99
—3.33
~2.27
-1.07
7 1.75 —-2.49 -0.81
2.00 ~2.69
4. '
Table 1.4 y
Results of Euler’'s method (to two 3+
decimal places)
k 1y ¥k my, 2
0 0 1 0.84
105 142 099 H
2 1.0 1.91 0.94 1 . . . E |
315 238 068 05 1 15 2 25 3 !
4 2.0 2.73 0.40
5 2.5 2.93 0.21
6 3.0 3.03
5.
Table 1.5 w
Results of Euler's method 4
k fr wy mp 3T
0 0 4 -5 2T
(S G 14
2z -1 0 : : : { —
303 -1 0 14 \ 2 3 4 s
4 4 -1 0
5 5 -1
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Table 1.6 w
Results of Fuler's method (shown 4

rounded to tWO decimal places)
3
k It wi mg
o 0 3 2
0.5 1.3 375 1
1.0 3.38 —~1.64

0
1
2
a5 28y LS8 L2
4 20 335 -1
s 25 259 148
s 30 233 140
. 35 26 136
a0 331 i3l

9 43 2.65 1.28
10 50 3.29

S S0 2

Table 1.7
Resulis of Euler's method (shown
rounded to WO decimal places)

k I Yk i

0 0 2 2.72
i 0.5 3.36 1.81
2 10 421 1.60
3 1.5 5.06 1.48

4 2.0 5.81

4 2 27—

Table 1.8
Results of Euler’s method (shown
rounded 1o two decimal places)

ko Tk Yk mg

kR

1.0 2 2.72

0

1 1.5 3.36 1.81
2 20 427 1.60
3 2.5 5.06 1.48
4 3.0 5.81

4 3
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" Table 1.9
Results of Buler’s method (shown 1+

rounded to three decimal places)

I Yk my
0.0 0.2 0.032
1 0.203 0.033
0.2 0.206 0.034
0.3 0.210 0.035

O =1

0.990 0.010

0.991

99
10.0

10.

Table 1.10 Table .11
Results of Euler's method with Ar negative Resuits of Euler's method with Af positive
(shown rounded to three decimal places) (shown rounded to three decimal places)

4 Yk mp i Yk my
0 ~0.5 —0.25 0 ~-0.5 —0.25
-0.1 —0.475 ~0.204 0.1 -0.525 ~0.279

W = O
Ll by e O

~0.2 —{.455 -0.147 0.2 —0.553 -0.298

-03 —0.440 —0.080 0.3 ~0.583 —0.306
19 -1.9 -1.160 0.488 19 1.9 0.898 5.058
20 -2.0 ~1.209 0.467 20 2.0 1.404 0.532

11. Because the differential equation is autonomous, the computation that determines vy from vy de-
pends only on v and Ar and not on the actual value of 7. Hence the approximate y-values that are
ohtained in both exercises are the same. It is useful to think about this fact in terms of the slope field
of an autonomous equation.
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se the step size is {00 large. In Exercise 5, the
olution. In Exercise 6, the approximate solution
oximate solutions generated with smaller values
this behavior (see the Existence and Umiqueness

12. Euler’s method is not accurate in either case becau
approximate solution “jumps onto” an equilibrium §
“crisscrosses” a different equilibrium solution. Appr
of At indicate that the actual solutions do not exhibit

Theorem of Section 1.5).

Yibrium solution corresponding to w =3, its slope decreases. We

13. As the solution approaches the equi
» an equilibrium solution (see the Existence and Uniqueness

do not expect the solution 10 “jump over

Theorem in Section 1.5).
14.
Table 1.12 Table 1.13
Results of Euler's method with Results of Euler’s method with
Ar = 1.0 (shown to two At = 0.5 {shown to two decimal
decimal places) places)
k 1F3 Y iy k 154 Vi ny
0 0 1 1 0 0 1 1
1 1 2 1.41 1 0.5 i5 1.22
2 2 141 1.85 2
3 3 5.26 229 3
4 4 7.56 4
S
6
7
8

Table 1.14
Results of Buler's method with Ar = 0.25 (shown to two decimal places)

k I Vi nig k 1 ¥k Tt
0 G 1 i 9 225 4.32 2.08
1 0.25 1.25 112 16 2.50 4.84 2.20
2 0.50 1.53 1.24 11 275 5.39 2.32
3 0.75 1.84 1.36 12 3.0 5.97 244
4 1.0 2.18 1.48 13 3.25 6.58 2.56
5 1.25 2.55 1.60 14 3.50 723 2.69
6 1.530 294 1.72 15 375 7.90 2.81
7 1.75 337 1.84 16 4.0 8.60

8 2.0 383 1.96

The slopes in the slope field are positive and increasing. Hence, the graphs of all solu
concave up. Since Euler's method uses line segments to approximate the graph of the actual
the approximate solutions will always be less than the actual solution. This error decreases @

size decreases.
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Table 1.15 Table 1.16
Results of Euvler’s method Results of Euler’s method with
with At = 1.0 (shown to two At = 0.5 (shown to two decimal
decimal places) places)
k 1 Vi ny k i Vi my.
0 0 I 1 0 0 1 1
1 1 2 0 1 0.5 1.5 0.5
2 2 2 0 2 1.0 1.75 0.26
3 3 2 0 3 1.5 1.88 0.12
4 4 2 4 2.0 1.94 0.06
5 25 1.97 0.02
6 3.0 1.98 0.02
7 35 1.99 0.02
8 4.0 2.0
Table 1.17
Results of Euler's method with Ar = 0.25 (shown 1o two decimal places)
k I i my, k ) Vi my
0 0 1 I 9 225 1.92 0.08
1 0.25 1.25 0.76 10 2.50 1.94 0.06
2 0.50 1.44 0.56 11 275 1.96 0.04
3 0.75 1.38 0.40 12 30 1.97 .03
4 1.0 1.68 .32 13 3.25 1.98 .02
5 1.25 1.76 0.24 14 3.50 1.08 .02
6 1.50 182 0.18 15 375 1.99 0.01
7 1.75 1.87 0.13 16 4.0 1.99
8 2.0 1.0 0.10
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From the differential equation, we sec that dy/d1 is positive and decreasing as long as y(0) =1
and y(r) < 2fort = 0. Therefore, y(t) is increasing, and its graph is concave down. Since Euler's
method uses line segments 10 approsimate the graph of the actual solution, the approximate solutions
will always be greater than the actual solution. This error decreases as the step size decreases,

~1 -1
Graph of approximate solution obtained using

Graph of approximate solution obtained using
Euler's method with Ar = 0.1,

Fuler's method with At = 0.1.

—1
-1
-2
Graph of approximate solution obtained
Euler’s method with Af = 0.1.

Graph of approximate solution obtained using
Euler's method with At = 0.1,




