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0 Evaluating real improper integrals

© Using results to solve Dirichlet problem in upper-half plane
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a. Real Improper Integrals

Use the techniques presented in Section 6.6 to establish the integral
formulas

/°° cos(s) ds — me ?

oo S°+ 2° a
o

[ g
s S°ta

To minimize confusion, we will make the substitution s = x

o o
/ czos(s)2 ds / c2()s(x)2 dx
o S2+a o X2+ a

* sin(s) * sin(x)
/OO 52+a2ds_>/oox2+azdx
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a. Real Improper Integrals

Referencing back to Euler's Formula, we see that:

/°° F(x)e ™ dx = / " £(x) cos(ax)dx + i / " F(x) sin(ax)dx
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/ 5 T 2eIXdX = / ﬁ COSXdX + I/ m Sin XdX
0o X a oo X a oo X a
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a. Real Improper Integrals

We can evaluate this real integral by considering the complex contour
integral

f(z)e”dz, f
§ f@ee f) =

The contour C consists of [—00, 0] on the x-axis and the semicircle Cg in
the upper half plane

1 izd _ 1 izd + > 1 iXd
C22+a2e i c 220 % ooX2—1-aze X
R _
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a. Real Improper Integrals

From Cauchy’s Residue Theorem, we know that

?{Cf(z)dz = 271'/2 Res(f(z), 2o)

For the contour integral we're considering:

1 iz : iz
7{c22+32€ dz:27rlZRes(f(z)e y Zo)

The roots are z, = =+ ia, both of order 1, but we only need to consider
Zo = Ia:

iz —a

> . g(ia) e e
R f 1z — = — —
es(f2)e®, 1) = iy = 22|, = 2ia
1 iz e ? me~?
d = 2 =
fcz2+a2e z = 2mi( 2ia) a
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a. Real Improper Integrals

Using our result from the previous slide, we get

1 3 oo 1 i —a
/ ﬁe'zdz +/ ﬁe'xdx = Te
Cr Z°+ a s X2t a a

From Theorem 6.6.2, the integral over the semicircle becomes zero as
R— oo, which leaves us with only the real portion

& 1 ; me~?
/ ﬁe’xdx =
s X°ta a
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a. Real Improper Integrals

o0 1 Y 1 . Te ¢
———cosxdx + i ———=sinxdx = —— + 0
oo X2+ 22 oo X2+ 22 a

Substituting back in s for x, we find the results to the initial integrals:

) —a 0 :
COS s e sSIn s

/ drpb=—, ad / 21 2%=0
s STt a a oo STt a
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b. Dirichlet Problem

Solve the Dirichlet Problem in the upper half-plane y > 0 subject to the
boundary condition ¢(x,0) = f(x) = cos(x), —oo < x < co. [Hint: Make
the substitution s = t — x and use the formulas in part (a).]
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b. Dirichlet Problem

Theorem (Poisson Integral Formula for the Half-Plane)

If f(x) is a piece-wise continuous and bounded function on —oo < x < 00,
then the solution to the Dirichlet problem in the upper half-plane y > 0
with boundary condition ¢(x,y) = f(x) at all points of continuity of f is

given by
_y [l
¢(X’y)_7r/—oo (X—t)2+y2dt
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b. Dirichlet Problem

f(t) represents the boundary condition, which is given by

#(x,0) = f(x) = cos(x)

Jenna Nelson and Gloria Mayorga (Oxy) Dirichlet April 22, 2016 11 /17



b. Dirichlet Problem

f(t) represents the boundary condition, which is given by
#(x,0) = f(x) = cos(x)

The integral becomes

o(x,y) = i/oo L(t)dt

—oo (X —1)2Hy?
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b. Dirichlet Problem

f(t) represents the boundary condition, which is given by
#(x,0) = f(x) = cos(x)

The integral becomes

=3[ i

Note: (x — t)? = (t — x)2. Our integral can now be written as

é(x,y) = y/oo L(t)dt

T J_ oo (t = %)%+ y?
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b. Dirichlet Problem

To help us solve for ¢(x,y), we make the substitution s = t — x, which
also gives us ds = dt
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b. Dirichlet Problem

To help us solve for ¢(x,y), we make the substitution s = t — x, which
also gives us ds = dt

w1 [
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b. Dirichlet Problem

To help us solve for ¢(x,y), we make the substitution s = t — x, which
also gives us ds = dt

w1 [

I

o) =2 [~ g,

T ) o S?+y2
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b. Dirichlet Problem

Using the trig identity

cos(s + x) = cos(s) cos(x) — sin(s) sin(x)
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b. Dirichlet Problem

Using the trig identity

cos(s + x) = cos(s) cos(x) — sin(s) sin(x)

We can rewrite our integral as

y /°° cos(s) cos(x) — sin(s) sin(x) ds

¢(X7y):; o 52+y2
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b. Dirichlet Problem

Using the trig identity

cos(s + x) = cos(s) cos(x) — sin(s) sin(x)

We can rewrite our integral as

sx.y) = j/r/_oo cos(s) cos(;;)—;;;n(s) sin(x) ds
1
Yy [ cos(s)cos(x) y [ sin(s)sin(x)
o) =% [ et e
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b. Dirichlet Problem

Using the trig identity

cos(s + x) = cos(s) cos(x) — sin(s) sin(x)

We can rewrite our integral as

b(x.y) = j/r/oo cos(s) cos(x) — sin(s) sin(x) ds

—eo s2 4+ y2
1
y [ cos(s) cos(x) y/°° sin(s) sin(x)
=Y = Y AR A
(%) ﬂ'/_oo s? 4 y? T e S?HY? °

o(x,y) cos x)/ cos(s y Xsin(x) /OO sin(s)2 ds

s? + 7r oo S2HY
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b. Dirichlet Problem

We showed in (a) that

/ cos(s) ds — 772_ and / sin(s) ds—0

2 2 -
oS24+ a
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b. Dirichlet Problem

We showed in (a) that

/ cos(s) ds — 772_ and / sin(s) ds—0

oo S2+ 22
From these results and by setting a =y

o -
czos ds— 7 sin(x)/ 7?”(5)2 ds
+ y2 T oo STt Y

oy) = Loostx) [~
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b. Dirichlet Problem

We showed in (a) that

/ cos(s) ds — 772_ and / sin(s) ds—0

oo S2+ 22
From these results and by setting a =y
C * sin(s)

os(s y .
d - = ——d!
21y s sm(x)/ 212 s

I

oy) = Loostx) [~

e Y

#(x,v) = £ cos(x)
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b. Dirichlet Problem

Final solution to the given Dirichlet problem:

o(x, y) = cos(x)e
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b. Dirichlet Problem

Final solution to the given Dirichlet problem:

o(x, y) = cos(x)e

To confirm solution, check that Laplace’s Equation is satisfied

9%¢ @:

a2 a2 0

—cos(x)e™” 4 cos(x)e™” =0
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b. Dirichlet Problem

Final solution to the given Dirichlet problem:

o(x, y) = cos(x)e

To confirm solution, check that Laplace’s Equation is satisfied

9%¢ @:

a2 a2 0

—cos(x)e™” 4 cos(x)e™” =0

and that the boundary condition is satisfied, ¢(x,0) = cos(x).
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Thank You
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