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_ @As in Example 2.18, we want to find scalars z and y such that:
2 ' =
' z [ 1 } +y [ 1] = [;} Expanding, we obtain the system: T+ 2 _ ;
L{n—(n-1)) § - - o % -y =
. ‘ . 1 2|1 10/-5
% We then row reduce the associated augmented matrix: -1 —1le |l — 101l 3
i L . o 1 2 1
So the solution is z = —5, ¥ = 2, and the linear combination is —5 [ 1 ] +3 { _1 } = [2 J
@ As in Example 2.18, we want to find scalars z and y such that:
4 1-2]_12 : - ) b — 2y = 2
T [ _2} +y [ 1 } = [ 1 ] Expanding, we obtain the system: 9+ oy =1
‘We then row reduce the associated augmented matrix: [ _;l “? ? } — [ 3 _g ]g ]
Since 0 # 2, this system (ﬂearly has no solution. So, what do we conclude?
‘We conclude that v is not a linear combination of u; and u,. _
~ 1n?, | [ 4 —2 27, _ -2
2 We could have noted 5= —21. 10 while 1|18 not a multiple of e
As in Example 2.18, we want to find scalars z and y such that:
1 0 (1 z =1
z|1{+y(1|=12| Expanding, we obtain the system: z + y = 2
0 1 | 3. : v =3
Since z = 1 and y = 3 implies  + y # 2, this system clearly has no solution.
Therefore, v is not a linear combination of u; and u,.
As in Example 2.18, we want to find scalars x and y such that:
1 0 3 -z = ¥
zll4+yil|= 2 | Expanding, we obtain the system: z + y = 2
0 1 -1 : y = —1
Since £ = 3 and y = —1 implies z + y = 2, those values of z and y are clearly the solution.
S 1 10 3
So the solution is z = 3, y = —1, and the linear combinationis3 | 1 { -1 |1 | = 2
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1 -1 2 a
3. Similar to Example 2.19, show « {2 +y { -1 } +z [ 1} = \i b} can always be solved.

3 0 1 c
1-1 2@
The augmented matrix is | 2 —1 1| b |, and row reduction produces:
‘ 3 0-11¢

9 -1 11b|pg-am |0 1 -3 —20+b | Ra—smy | 01 —3 —2a+b
3 0-1]e¢ - 0 3 -7]|-3a+c - 00 2|3—-3b+c

10 -1 —a+b ] Ry+Rs {1 00| (a—b+c)/2

{l -1 2|alr-em |1 -1 2 a } Rit+ka | 1 0 -1 —a+b

1 h
5Rs i1 -3 —2a+b Ryt3Rs | 0 1 O 1 (5a~—T7b+3c)/2
00 1|(Ba—8+¢/2| 7 (001 (32 —3b+¢)/2

We see that z = (a — b+ ¢)/2, y = (5a — 7h + 3¢)/2, and z = (3a — 3b+é)/2.
So for any choice of a, b, and ¢ we have:

1 -1 | 2 a
- -7 —
(a 2+c) 5 +(5a 2b+3c:) 1 +(3a ;’»b+c) ol
/13 ' 0 -1 ¢
- o
@ We should describe the span of the given vectors (a) geometrically and (b) algebraically.
(a) Geometrically, we can see that the set of all linear combinations of [ _i} and [ —; }
is just the line through the origin with { _él as direction vector.
. 2 2 -1
Why do we not, have to consider { s l ? Because { _ 4] = -2 [ 9 }
(b) Algebraically, the vector equation of this line is [Z] = [ _;} t.

That is just another way of saying that {Z] is in the span of [ —:12 }

Suppose we want to obtain the general equation of this line.
One method is to use the system of equations arising from the vector equation:

T -1 T = —i
[y}_[ 2}1&# y = 2t Soy=2(~z)=-2z=2z+y=0
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We should describe the span of the given vectors (@) geometrically and (b). algebraically.

(a) Geometrically, we can see that the set of all linear combinations of { g ] and [ Z ]

is just the line through the origin with [ Z ] as direction vector.

Why do we not have to consider [ 8 ] ? Because [ 8 ] =0 [ 2 } )

(b) Algebraically, the vector equation of this line is [ Z } = [Z ] L

That is just another way of saying that [ z ] is in the span of [ Z :I .

Suppose we want to obtain the general equation of this line.
One method is to use the system of equations arising from the vector equation:

z| |3 z = 3t 71 _ ‘ —
{y]_[&l]t::» y = 4 Soy—4(§m)=>3y—4z=>4x—-3y—0.

15. We should describe the span of the given vectors (@) geometrically and (b) algebraically.

1 3
{a) Geometrically, we can see that the set of all linear combinations of | 2 | and 2
' ‘ 0 -1
1 3
is just the plane through the origin with | 2 | and 2 | as direction vectors.
0 -1 '
. z 1 3
(b) Algebraically, the vector equation of this planeis | y | =s ]2 | +¢ 2
. z 0 -1
‘ T ‘ T1 3
That is just another way of saying that | ¥ | isin the span of | 2 | and 2
z 0 -1

Suppose we want to obtain the general equation of this plane.
One method is to use the system of equations arising from the vector equation:

s+ 3 ==z 1 3|z 1 3 z
25 + A =y = [2 2|y| — |0 -4 —2zx+y
—t = z 011z 0 0| (2z—y-+42)/4
T 1 3
‘We know this system is consistens, since | y | is in the span of | 2 | and 2
z 0 -1

S0, we must have 2z — y + 4z = 0, giving us the general equation we seek.

1 3 2 .
Note: Both | 2 | and 2 | are orthogonal to | —1 |. Should they be?
0 -1 . 4

th]

o



quatio

.

ns | 2.3 Spanning Sets and Linear Independence ‘ 109 ‘
; L2 1 .
v 22. The vectors vi = | —1 | and vo = | 4 | are linearly independent.
3 4

This can be determined by inspection because they are not scalar muitiples of each other.

. How? : 23. Since there is no obvious dependence relation here, we follow Example 2.23.
. : i 1 1 0
: Find scalars ¢1, ¢2, and ea such that: ¢ [ 1] +c2 |2 |+ec3| -1 | =10
1 3 2 0
Form the linear system, its associated augmented matrix, and row reduce to solve:
a + &+ c3=0 11 140 fioo]|o
¢1 + 2 — g =0 = 12110 —j010!0
1 + 3¢ + 2e3 =0 13 2,0 001i0
Since ¢; = ¢z = ¢3 = 0 is the unique solution, the vectors are linearly independent.
rm) + 24. Since there is no obvious dependence relation here, we follow Example 2.23.
o Vi) 27 T3 1 0
Vo 4t Find scalars ¢, ¢z, and ez such that: ¢ {2 | +c2 |1 | +es | -5 | = U]
ur) Vi 1 2 2 0
Form the linear system, its associated augmented matrix, and row reduce to solve:
261 + 3¢ + ¢ =10 23 1]0 10-4]|0
200 + ¢ — 53 =0 = 21 ~-5i0—J01 3]0
c1 + 2¢0 + 2¢5 =0 12 20 00 0]0O
Since ¢; = 4oz and ¢z = —3c¢s is a solution, the vectors are linearly dependent.
, Ug.
2 3 1 10
v, U, 80 One dependence relationship is: 4 | 2] =3 | 1|4+ | =5 ] = | 0. Are there others?
1 2 2 0
) EE
Umkuk) 0 2 . 2
)z + 25.) The vectors vy = | 1 |, va= | 1 | and vg = | 0 | arelinearly dependent.
‘ 2 3 1
D) Uk
This can be determined by inspection because vy — v+ vz =0.
1
V3 = 1
1

; enough

?




he vectors vy =

his can be determined by inspection because [A[0] obviously has a nontrivial solution. Why?

7

V3 = 1
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3

3

s and Vg4 =

5
4]
2

are linearly dependent.

ecause there are only 3 equations (corresponding to the number of rows),

ut there are 4 variables (corresponding to the number of vectors which then become columns).

ee Section 2.2, Theorem 2.6 for more detail.

wurthermore, this follows immediately from Theore
“his is a set of 4 vectors in R3. Why does Theorem

m 2.8. Why? |
2.8 apply? Hint: 4 > 3.

o find a specific dependence relationship, we follow Example 2.23.

: _ -2 4 3 5
%ind scalars ¢, ¢o, and ¢z suchthat: ¢ | 3 ) +ec| -1 |+e|lita 0] =
' 7 5 3 2
form the linear system, its associated augmented matrix, and row reduce to solve:
—2¢; + 4cp + B¢z + Beq = 0 ' -2 43530 37 0 0 —13
3¢ — €2 + 3 =0 = 3-110|0]| — 037 0 8
Ter + Bcg + 3cs + 2¢4 = 0 7 532|0 0 037 45
jince ¢ = %%cz;, ca =-—§6';C4, ¢z = -—%64 is a solution, the vectors are linearly dependent.
-2 4 3 5 0
Dne dependence relationship is: 13 3{-6|-1}—-45|1|+3710| =10
‘ 7 5 3 2 0
3 6 0
Thevectors vi = | 4 |, va= [T |, va=| 0| are linearly dependent.
5 8 0

This can be determined by inspection because v is the zero vector. Why is that enough?

RBecause Ovy -+ 0vy + vy = 0.

Any set of vectors containing the zero vector is linearly dependent. Why? ~

Since there is no obvious dependence relation here, we follow Example 2.23.
2

3

Find scalars c1, ¢o, and ¢s such that: ¢ 1

Form the linear system, its associated augmented matrix, and row reduce to solve:

-
]
261
C1

Since ¢; = ¢3 = c3 = 0 is the unique solution, the vectors are linearly independent.

-+ 363
+ 2¢
+ o
+ 4cg

+ 2¢c5 = 0
4+ 3¢z = 0
+C3=0
- ¢ =0

-1 3

1 2

9 + 2 9 - c3

1 4 -1
-13 2|0 10
12 310 . 01
22 1]0 “f0 0
14 —-1]|0 | 00

0
0
0
0

oo o
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42. We will use the theorems of Sections 2.2 and 2.3 to support the conclusions below.

(a) Given A = [v1 va...vp], we will show that rank(4) = n.
" Theorem 2.6 of Section 2.3 implies: .
Vectors vy, Vs, ..., vy are linearly independent if and only if
the only solution of [A]0] = [v1 v2... vy | 0] is the trivial solution.
Therefore, the rumber of free variables in the associated system is 0.
So, Theorem 2.2 of Section 2.2 (The Rank Theorem) implies:
number of free variables = 0 = n — rank(4) = rank(4) = n, as claimed.

Vi .
Va
(b) Given A= | . | we will show that rank(A4) = n.
Vi, ]
Theorem 2.7 of Section 2.3 implies:
Vectors v1, Vs, ..., v, are linearly independent if and only if
Vl‘
Va
the rank of A= | . | is greater than or equal to n. That is, rank(4) > n.
vn

But 4 has n rows therefore we have n < rank(A) < n = rank(4) = n, as claimed.

43.]We apply the definition of linear independence and Examples 2.23 and 2.25 to prove our
claims. ‘

(a) We will show that u -+ v, v+ w, and u -+ w are linearly independent.
Given e1(u+v) + c2(v +w) + cs(u+w) = 0, we will show ¢; = co=c3=0.
Multiplying and gathering like terms yields: (c; + ca)u+ (o1 + )v+ (€2 + ca)w = 0.
Since u, v, and w are linearly icdependent, ¢; + Cg=cC1+ec=cp+esz=0.
We create the matrix of coefficients A and row reduce to determine its rank:

ca + cz = 0 : 101 1¢ 11-
e + e =0 = 110 — |01 -1
¢ + cg =10 ’011 00 2

Since rank(4) = 3 the only solution is the trivial one,socp =cy=cg =0.
(b) We will show that u - v, v — w, and u — w are linearly dependent.

Given c1{u—v) + ca(v — w) + cg{u — w) = 0, we will show ¢; = ¢; = —c3.
Multiplying and gathering like terms yields: (e +ez)ut(—ep+ep)v+(—cp—c3lw = 0.
Since u, v, and w are linearly independent, ¢; + Ca3=—ci1+c=—cp—c3=0.
We form the augmented matrix and row reduce to solve:
e + cg =0 1 0 10 190110
-1 + e =0 = |-1 1 04{0}{—|011]/0
-y —e3 =0 0 -1 -110 000|90
This clearly has the solution ¢1 = ¢; = —c3 as we were to show.
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