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1.2 - Lengih and Angle: The Dot Product

29. Following Example 1.14, we calculate:
uev=1-5+2-6+3- +3-7T+4-8="1T0,
u]l =12+ 2% + 3% + 42 = /30, and
v = VB2 + 62+ 72 + 82 = V174,

Therefore, cos§ = wy o_ n___ 35
’ ulifivl] T V304174 34145
. 35
50 8 =cos™* ) = 0.2502 radians or 14.34°.
(3\/ 145

Note: To minimize error, we do not approximate until the last step.

~Since 2 ~ 0.9688639 is a positive number close to 1,

3+/145

we should expect 8 to be close to but greater than 0°.

@ To show AABC is right, we need only show one pair of its sides meet at a right angle.

So, welet u= AB , V= B—d, and w = ;1?5, then by the definition of erthogonal
given prior to Example 1.16, we need only show u-v, oru-w,or v.-w=20.

Following Example 1.1 of Section 1.1, we calculate the sides of AABC:
w=AB =l -(-3),0—2 =[4,~2], v=BC=[4-1,6-0] = 3,6],
’ —
. w=AC=[4-(-38),6-2]=[7,4,s0u-v=4.3+(-2)-6=12-12=0=
The angle between u = AB and v = BC is 90° = AABC is a right triangle.
Note: It is obvious that v is not orthogonal to w. Why?
31, To show AABC is right, we need only show one pair of its sides meet at a right angle.

So, we let u= .-475;, v = Ea, and w = E’, then by the definition of orthogonal
given prior to Example 1.16, we need only show u-v,oru-w,or v-w =10

Following Example 1.1 of Section 1.1, we calculate the sides of AABC:
u=AB =[-8-1,2-1,(=2) — (-1)] = [-4,1,-1},
v=DB0=[2-(-3),2—2,(~4— (-2)] = 5,0, 2],
w=A4AC=[2-1,2-1,(-4) - (-1)] = [1,1,~3].

Thenu-w=(-4)-1+1-1+(-1)-(-8)=—-4+1+3=0=
The angle between u = AB and w = AC is 90° = AABC is a right triangle.
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C 4-3. 1 - _, [ 5-3 2
iletu=AB=|-2-(-1) | =| -1|andv=AC= | 0—(-1) | = 1
' 6—4 2 2_4 -9

We compute the necessary values ... .(b} We compute the necessary values ...

- =3 v i | 1 3
2 -2 u- = - ) ==,
CoL o | 2l 121
S R | 1 ‘
cweu= | =1 | =1} =6(|ul| =v6), )i = 4/12 + (=1)% + 22 = VG, .
2 2

‘ . -V
proj,(v) = (u—G) u=1{ 1/2} = -
-1 vl =4/22+12 4+ {(-2)" =3 =
5/2
. _ . -3 NG
.V—pI'O‘]u(V)—— 1/2 = COSB:—uv—z——-—=——=}.
-1 e[ Ivl 38 6
. 2 2
[v=proju(v}l = /(3 + (3)*+ (-1 sinb= I o= 4/1- (=£) =&
_ /30
-
... then substitute into the formula for A; ... then substitute into the formula for A:
A= 3 |uf v — proj,(v}| A= % uf vl siné

=

=3 () (F) =%, VB @ (F)=2¢



]

and Angle: The Dot Product

u-w it does not follow that v = w.

%ructive_ counterexample is suggested by_the remarks just prior to Example 1.16.
.v = 0 for every vector v in R™, the zero vector is orthogonal to every vector.
i1 = 0, we know nothing about v and w except that they are vectors in R™.

owever, we note that u-v=u.-wimpliesu-v—uw=u-(v-w) =0.
So, if u-v =1u-w, it does follow that v — w is orthogonal to u.

&' need to show (u+v) - (u—v) =|[u® - ||v||? for all vectors in R™.
Recall, by the definitions of the dot product and the norm, w - w = [|w]|°.
We apply Theorem 1.2(b) and this key fact to complete our PROOF:

?+v)'-(u-—v)=u-u—u-v+v-u—v;v ByTheoféml.Q(b}
=u-u—-v-v By the fact that —ay +yz =0
= JJul|? - ||v]. By the fact that w-w = [jw]|? (key fact)

(a) Let u,v € R®. Then

(u4+v)-(u+v)+(u-v) (u—-v)
(u-u+v-v+2u-v)+(u-u+v-v-2u-v)
= (luf® + Ivi[?) +2u- v + (la)]® + {v][%) - 2u- v = 2J[ul}? + 2/|v|%.

[+ vl? + [l ~ vf?

]

The proof in part {a) tells us that
the sum of the of the squares

of the lengths of the diagonals

of a parallelogram

is twice the sum of the squares

of the lengths of its sides.

x

Hut+vP=3u-v|? = Hu+v) u+v)+u-v) {u-v)
= flwusv-v+2u-v)—(u-utvov—2u-v)
i[(HUHZ -_-”u”z) + (”"Hz - [|V||2) +du-vl=u-v.
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61. We need to show fjufj =1 and ||v|j =2 imply u- v # 3.
From Theorem 1.4 (the Cauchy-Schwarz Tnequality), we have |X - v| <=l vl
Qubstituting in the given values of lull =1 and IIvli = 2 shows lu-vi<2.
Therefore, —2 <u-v < 2. 1t follows immediately that u -V # 3.

i 62.5 (a) Assume that u is orthogonal to both v and w,sou-v.=uUW= 0.
Thenu-(v+w)=u-v+u-w=0+0=0, so u is orthogonal to v +W.

(b) Assume that u is orthogonal to both vandw,spu v=u-w= 0. :
_ Then u-(sv +itw)=1" (sv)+u- (tw) = s(u-v) +t(a-w)= s(0)+t(0)=0+0 =0,
so u is orthogonal to sv + tWw.

vectors {(u and v) are orthogonal if their dot product equals zero. So we evaluate:

| v—progav)) = 0 (v— (5 @) =uev-u (50 ?wam
= u.v-—(%—:%) (u-u):u-v—u-v:’O. : s z\/\f\’kfisw z,

| (2) produ (produl¥)) = proj (52u) = (B protu(m) = (ra) w=Prossl®

‘ u-u .
o pento-woen = (=30 = () GRIGR)

u
- (D) (e

(©)

From the diagram, we see that projy (v) || u,

50 Projy (Proju (V) = Proy (V)-
Also, (v —projy (v)} L o,
s0 proju (V - proju (V)) =0



