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PR O PE R TIE S O FTHE DETE R MIN A N T (x5.1)

You shouldthink ofthe dete r m inantasa function.You inp uta m atrix,andthe outp utisa num be r.
The r̄stthr e e p r o p e rtiesbelow ar e allthatisre q uiredto de n̄e (andcalculate)the dete r m inantof
a sq uar e m atrix A.The r e m aining p ro p e rtiesfollow fro m the r̄stthr e e andwillm ake wo rking with
dete r m inantsm uch e asie r.Thisisan e xam p le ofan axiom atic syste m .The r̄stthr e e axiom sar e give n
p ro p e rtiesofthe dete r m inant.Eve rything else can be deducedfrom these thr e e axiom s.

1.The dete r m inantisa line a r function ofthe r̄strow.

2 .The dete r m inantchange ssign whe n two rowsar e e xchanged.

3.The dete r m inantofthe n by n ide ntity m atrix is1.

4.Iftwo rowsofA a r e e q ual,the n detA = 0.

5.Subtracting a m ultip le ofone r owsfro m anothe r row le avesdetA unchanged.

6 .A m atrix with a row ofze roshasdetA = 0.

7 .IfA isa triangular m atrix the detA e q ualsthe p r oductofthe m ain diagonale ntries.

8.IfA issingular the n detA = 0.IfA isinve rtible the n detA 6= 0.

9.The dete r m inantofAB isthe p roductofthe se p a r ate dete r m inants: jABj= jAjjBj.

10.The transp ose A T hasthe sam e dete r m inantasA.



Ge om e tric Intr oduction.

For a 2 £ 2 m atrix A =

"
~a1
~a2

#
=

"
w x
y z

#
;the dete r m inantofA isthe orie ntedar e a ofthe r esulting

p a rallelogra m .

N otation: The dete rm inantofA isdenoteddet(A)or jAj.
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(ARE A)2 = k~a1k2 k~a2 k2 sin2 µ
= k~a1k2 k~a2 k2(1¡ cos2 µ)
= k~a1k2 k~a2 k2 ¡ (k~a1kk~a2 kcosµ)2
= (~a1¢~a1)(~a2 ¢~a2)¡ (~a1¢~a2 )2
= (w 2 + x 2)(y2 + z2 )¡ (w y+ x z)2

= (w y)2 + (w z)2 + (x y)2 + (x z)2 ¡ ((w y)2 + 2 w x yz+ (x z)2 )
= (w z)2 ¡ 2 w x yz+ (x y)2

= (w z¡ x y)2

So w e se e thatfor the 2 £ 2 m atrix A,jAj= w z¡ x y:

For a 3£ 3 m atrix A =

2
64

~a1
~a2
~a3

3
75;the absolute value ofthe dete r m inantofA isthe volum e ofthe r esulting

p a rallele p ip ed.

These ide asofar e asandvolum e scan be foundin x5.3.


