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SUMMARY Extrema of Multivariable Functions

CURRENT READING Williamson & Trotter, Section 6.4

HOMEWORK Williamson & Trotter, page 292: 2, 3, 7, 9, 12, 20, 21, 26 Extra Credit
page 293: 29, 32, 36

| DEFINITIONS |
f(Z) has a global minimum at 7 if for all Z in the domain of f | f(Z) > f(Zo)

f(Z) has a global maximum at Z; if for all Z in the domain of f | f(Z) < f(Zo)

f(Z) has a local minimum at 7, if there exists a neighborhood N of Zj, such that
f(Z) = f(Z)

f(Z) has a local maximum at 7, if there exists a neighborhood N of Z;, such that
f(Z) < f(Z)

A maximum or minimum value of f is called an extreme value or extremum. The point
at which the extremum occurs is known as the extreme point.

| THEOREM |
If a continuous function f : R®™ — R is defined on a closed, bounded subset S then f assumes
its absolute maximum and absolute minimum values on S.

| THEOREM |
It a differentiable function f : R" — R has a local extreme value at a point Zo interior to its
domain, then V f(Zy) = 0 and 7 is called a critical point of f.

‘DEFINITION: Quadratic Taylor Polynomial Approximation‘
A quadratic Taylor polynomial approximation of a function f(x,y) near an extreme
point (2o, yo) where V f (o, o) = 0 can be written as

f(z,y) = f(xo,y0) + fe(wo,90)(x — o) + fy(0, y0)(y — vo) + %fm(fmyo)(f — )’

+ fay (20, Yo) (® — 20) (¥ — yo) + %fyy(x0>y0)(y — yo)?

which can be simplified to

f(z,y) =~ f(x0,%0) + %fm(%, Yo)(r — xo)z + fmy(f(b Yo)(z —20)(y — o) + %fyy (w0, y0)(y — y0)2

Since almost every functions behaves like its quadratic Taylor polynomial approximation
near its critical points, we can analyze the behavior of quadratic polynomials near their
critical points in order to classify general behavior near a critical point.



Exercise 1

Consider Q(x,y) = ax?® + bry + cy?>. What are its critical points? What is the significance
of the value of D = b — 4ac?

|[EXAMPLE 1|
Let’s show that Q(z,y) = ax? + bzy + cy? can be re-written as

b\’ — b
Qz,y)=a (!E + %y) + (MZT) yz]

What can we say about the extreme values of the surface Q(z,y) when D = b* — 4ac > 07?
How about when D < 07 How about when D = 07

| DEFINITION: saddle point|
A critical point &y of f(Z) such that f(Zy) is neither a local maximum nor a local minimum
value for f is called a saddle point for f.




| THEOREM: Second Derivative Test ]|
Let D = foo(0, Y0) fyy (20, Yo) — fﬁy(xo, o), where f: R? — R is twice continuously differen-

tiable. Assume (o, yo) is a critical point (i.e. Vf(zo,y0) = 0)

(i) IF D > 0 and f,2(z0,%0) > 0 or fyy(xo,yo) > 0, THEN f(z0, yo) is a strict local minimum
of f.

(i) IF D > 0 and fiz(z0,%0) < 0 or fy(xo,y0) < 0, THEN f(x0,yo) is a strict local
maximum of f.

(iii) IF D < 0, THEN f possesses a saddle point at (zg, o).

(iv) IF D = 0 THEN anything can happen: f could have a local minimum, a local maxi-
mum, a saddle point or none of these at (z¢, yo).

Exercise 2

Find and classify all the critical points of f(z,y) = 2> — 3z + 3* — 3y.

|EXAMPLE 2|
Find the extrema of f(z,y) = 2%+ y* on the set of points (z,y) in the set S of points which
lie inside and on the ellipse 2% + 2y? = 1.




Method of Lagrange Multipliers

Suppose a function f : R" — R" is differentiable, restricted to a set S and possesses a
local extreme point at ¥y on S. Suppose that near Ty, the set S is a smooth level set of a
function G : R® — R™ with m < n and coordinate functions G1, Gs, ..., Gy,. THEN there
exist constants Ai, A2, As,..., A\, such that 7y is a critical point of the real valued function
f+ MG+ MGy + ... 4+ NGy, such that

VF (7o) + MV G1(Fo) + AV Ga(Zo) + ... + A VG (T0) = 0

|EXAMPLE 2|
Let’s do EXAMPLE 1 again, this time using Lagrange Multipliers.




