
Math 12 0Lab Sp ring 2 001

N a m e s:

Lab #7
Math 12 0Lab

W ednesday/T hursday
March 2 8/2 9,2 001

R on B uckm ire
A lan K no e r r

Sim p son'sR ule

Intr oduction

T he inte gralofa function on an inte rvalisde n̄edto be the lim itofthe R ie m ann sum sfor the function.In som e
cases,itisp ossible to use the Fundam e ntalT he or e m of C alculusto byp assthe de n̄ition anduse antide rivatives
to evaluate integrals.More ofte n,̄ nding antide rivativesisdi±cultor e ve n im p ossible,andnum e ricalm ethodsar e
usedinste ad.Thislab illustratesone ofthe m ost-often usedm ethodsfor e valuating inte grals.Calculatorssuch as
the T I-85 use a variantofthe m e thodknow n as\Sim p son'sR ule."

R e ctangular A p p r oxim ations

W e have se e n the following thr e e m ethodsofap p roxim ating an inte gr alusing a R ie m ann sum .

Le ft-Endp oint:
Z b

a
f(x )dx ¼ L =

NX

k=1

f(x k)¢ x ;

using x k = a+ (k ¡ 1)¢ x

Midp oint:
Z b

a
f(x )dx ¼ M =

NX

k=1

f(x k)¢ x ;

using x k = a+ (k ¡ 1
2 )¢ x

R ight-Endp oint:
Z b

a
f(x )dx ¼ R =

NX

k=1

f(x k)¢ x ;

using x k = a+ (k)¢ x

E ach ofthe m can be view edasr e ctangular a p p roxim ationson e ach subinte rval.

T he thr e e sketchesbelow show the gra p h ofa p ositive function on an inte rvalx L · x · x R ofwidth ¢ x .Sketch
in the re ctanglescorr esp onding to the left,m idp oint,andrightestim ates.W rite outthese estim atesasa for m ula.
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A p p r oxim ationsusing tr ap e zoids

1.\The " tr ap e zoidap p r oxim ation.O n the sketchesbelow, l̄lin the re ctanglescorr esp onding to the left
andrightestim ates.O n the sketch labeled\trap ezoid," sketch in the slantline joining the p ointsatthe e nds
ofthe inte rval.

left tra p e zoid right

a.Calculate the a r e a ofthe tra p e zoidin thisap p roxim ation.

b.Calculate the ave r age ofthe leftandrightap p r oxim ations.You shouldar rive atthe sa m e form ula as
above.

T he a p p roxim ation to the integralfor m edby ave r aging the leftandrightap p roxim ationsiscalledthe Tr ap e -
zoidap p r oxim ation.

Tr ap e zoid:
Z b

a
f(x )dx ¼ T = 1

2 (L + R)

Mostcalculusbooksinclude only thisone a p p r oxim ation by trap ezoids: itiscustom a ry to callit\the " tra p ezoid
ap p roxim ation.
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2 .The m idp ointe stim ate asa tr ap e zoid.T he sketch below showsthe gra p h ofa function andan a p p roxi-
m ation to itsintegralusing a tra p ezoidwith slantside tange ntto the curve atthe m idp oint.

(a) W hatisthe ave rage heightofthe trap e zoidin the diagra m ?

(b)Using your p r e viousansw e r,w hatisthe a r e a ofthe tra p ezoidin the ḡure ?

(c) W hy isap p roxim ation by thistra p ezoidthe sam e asthe m idp ointestim ate ?
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3.Com p a ring the tr ap e zoidandm idp ointap p r oxim ations.T he sketch below showsthe gra p h ofy=f(x )
ove r a sm allinte rval.A ddedto the sketch a re tw o lines: the line joining the e ndp ointsofthe gra p h on this
inte rvalandthe line tange ntto the gr ap h atthe m idp oint.

(a)For thisexa m p le,isthe tra p e zoidap p roxim ation an ove r-or unde r-estim ate ? Shade in the a r e a cor r e-
sp onding to the a m ountofthe e r ro r.

(b)Isthe m idp ointap p roxim ation too m uch or too little? Shade in the a r e a cor r esp onding to the am ountof
the e r r or.(Use a di®e r e ntshading m ethodor a di®e re ntcolor.)

(c)T he p icture m ightm isle adsom e ontto believe thatthe two slantsidesofthe tra p ezoidsare p a r allel.Sketch
an e xa m p le ofa m onotonic concave -dow n function w he r e the two slantsidesare notp a rallel.

(d)Som etim es\the " tra p ezoidm ethodwillbe an ove r estim ate andsom etim esan unde re stim ate. W hat
fe ature ofthe gra p h can be usedto dete rm ine w hethe r the tra p ezoidm ethodgivesan ove r estim ate or an
unde restim ate ?

(e) In thisexa m p le,w hich islarge r : the a m ountofthe tra p ezoide r ror or the a m ountofthe m idp ointe rror?
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N um e ricalcom p arisons

T he ne xtfew e xe rciseswillcom p a r e the accuracy ofa p p roxim ating integralsusing the four m e thodsdescribed
above.In orde r to testthe accuracy,we willuse e xa m p lesw he r e the e xactvalue ofthe integralcan be calculated
inde p e ndently.(Exacte valuation ofintegralsissom etim esnotp ractical; in thiscase,num e ricalm ethodsar e
usedasthe only w ay to estim ate the value ofan integral.)

4.A p olynom iale xam p le.

a.Use the Fundam e ntalT he or e m ofC alculusto give the e xactvalue ofthe following inte gral:
Z 2

0
x 5+ 1dx =

b.Use the p rogra m RIEMANN to l̄lin the se condline ofthe following table ofestim atesto the inte gr alyou
justcom p uted.K e e p atle ast v̄e p lacesbe yondthe decim alp oint.

N L R T M

5

2 0

50

100

W hich ofthe m ethodsism ostaccurate for thisinte gral?

5.Com p a ring e r r o rsnum e rically.E ach estim ate di®e rsfrom the e xactvalue ofthe inte gr alby som e a m ount:
thisam ountiscalledan \e r ror" in a p p roxim ation.Ifthe am ountofe r r or issm all,the estim ate isa goodone.
T hese a p p p roxim ation e r rorsa re not\m istakes."
T he p rogr am SUMCOMP m akesite asie r to com p a r e the e r ro rsfor e ach ofthe four m ethods.E xam ine the listing
ofthisp rogra m be fore running it.(R e ally!)You ne edto sp e cify the for m ula for the function,the inte rval,and
the e xactvalue ofthe integral.T he p r ogra m p rom p tsyou for the num be r ofsubinte rvalsandthen re p ortsthe
com p utedap p roxim ationsandthe \e r ror" for e ach m e thod.
The e r ro rsa re com p utedasfollows,using I asthe e xactvalue ofthe inte gral:

I ¡ L = e r ror for the le ft-e ndp ointm ethod
I ¡ R = e r ror for the right-e ndp ointm ethod
I ¡ T = e r ror for the tra p e zoidm ethod
I ¡ M = e r ror for the m idp ointm ethod

(a)To ve rify the p r ogra m isworking corr e ctly,use itto ap p r oxim ate the sa m e integralasbefore .Choose N
= 50 subdivisions.(N ote thatthisp rogra m p r om p tsyou for N w he n you run it.) How do your r e sults
com p a r e ? N ow l̄lin the re stofthe table above.

(b)Som e ofthe e r r orsa re p ositive,som e ne gative.W hich sign corr esp ondsto an ove r e stim ate,w hich to an
unde restim ate ?
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6 .Patte r nsin the e r r o rs.B y studying the e r ro rsin ap p r oxim ation in the tra p e zoidandm idp ointm ethods,
w e can de velop an e ve n bette r ap p r oxim ation m ethod.

(a)Use SUMCOMP to com p lete the following table ofe r rors.I =
Z 2

0
x 2 dx =

(Fillin the e xactvalue.)

N I ¡ T I ¡ M
5
2 0
50

(b)N ow calculate a table of e r r orsfor two inte gr alsofyour choice : one a p olynom ialofde gr e e gr e ate r than

2 andone non-p olynom ial.I =
Z

dx =

N I ¡ T I ¡ M
5
2 0
50

I =
Z

dx =

N I ¡ T I ¡ M
5
2 0
50

(c)How do the signsofthe e r ro rscom p ar e ?

(d)How do the m agnitudesofthe e r ro rscom p a r e ?

(e)C alculate the ratio
I ¡ T
I ¡ M

for som e ofthe e xa m p lesabove.W hatp atte rn do you se e ?

(f)Use the p r e viousr esultto e xp lain w hy
2
3
M +

1
3
T shouldbe a bette r ap p r oxim ation to I than eithe r M

or T .
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Sim p son'sR ule

T he e stim ate
2
3
M +

1
3
T iscalled\Sim p son'sR ule."

Sim p son:
Z b

a
f(x )dx ¼ S =

2
3
M +

1
3
T

T he p rogr am SIMPSON usesthism ethodto calculate an a p p roxim ation of an inte gr al.Use thisp rogra m to
calculate successive ap p roxim ationsto atle astsom e ofthe following integrals.(Com p lete allofthe m ,afte r the
lab session.) Successively choose valuesofN untilyou have stable valuesto thre e decim alp laces.(W e have
notgive n an analysisofw he n the Sim p son a p p roxim ation isan ove r-or unde r-estim ate.)

1.I =
Z 2

0
¡4x + 1dx =

N Sim p son A p p roxim ation

2 .I =
Z 2

0
3x 2 ¡ x + 1dx =

N Sim p son A p p roxim ation

3.I =
Z 2

0
4x 3 ¡ 6 x + 1dx =

N Sim p son A p p roxim ation

4.I =
Z 2

0
x 3 + 2 x 2 dx =

N Sim p son A p p roxim ation
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5.I =
Z 3

0
x 4¡ 2 x 2 dx =

N Sim p son A p p r oxim ation

6 .I =
Z 2

0
x ln(x 2 + 1)dx =

N Sim p son A p p r oxim ation

7 .I =
Z 2

0

p
4¡ x 2 dx =

N Sim p son A p p r oxim ation

8.I =
Z 4

0
e
p
(x )dx =

N Sim p son A p p r oxim ation

9.I =
Z 5

3
x x dx =

N Sim p son A p p r oxim ation

Lab Essay

Your group (consisting oftwo or thre e students)shouldp re p a r e a tw o to four p age p a p e r discussing the inte gr al
ap p roxim ation m ethodstre atedin thiscourse.Conside r the following q uestions: W hy isthe tra p e zoidm ethode xact
w he n the inte gr andisa line a r function? For w hich functionsisthe m idp ointm ethode xact? You m ightdiscussthe
re lative accur acy ofSim p son'sm ethodandthe m idp ointap p r oxim ation.Your e ssay can also raise q uestionsabout
the q uality ofthe Sim p son m ethod.You m ay also raise othe r q ue stionsandp rese ntothe r obse rvations.

The e ssay shouldbe typ ed,buthand-w ritte n sym bolsanddiagra m sa re acce p table.O rganize the p a p e r ca r e fully
into p ar agra p hsanduse cor r e ctE nglish gra m m a r andp unctuation.E ach m e m be r ofthe lab te a m isre q uiredto sign
the cove r she et,signifying he r or hisp a rticip ation in e ach stage ofthe develop m e ntofthe essay.

Ple ase do notsubm ita r̄stdraftasyour essay.Ple ase p lan to m e etor sha re p rogresson the re p ortthroughout
the w e e k.You m ay consultyour p r ofessorsfor guidance on your w ork.

Due Date
Your lab re p ortisdue Monday March 2 2 ,in class.
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