
Math 12 0 Lab 5: Inve rse FunctionsandCalculus Sp ring 2 001

T he r̄stp a rtofthislab usesDe rive to e xp lor e the r elationship sbetwe e n the de riva-
tivesof a function andthe gra p h of the function. Gra p hicalr elationship sbetwe e n a
function anditsinve rse a r e also e xa m ined.

A Function andItsInve rse

Conside r the function f(x )= sin(x );¡¼=2 · x · ¼=2 .

To be gin,De clar e the Function f(x)with for m ula De n̄ition sin(x). The n p lotthis
function.Sketch the p lotbelow ande xp lain w hy thisfunction hasan inve rse .(N ote : Just
p lotsin(x )andsketch the gr ap h ove r the indicateddom ain.)

The inve rse ofthisfunction isdenotedtwo di®e re ntways.The r̄st,using the standard
notation for inve rse functions,isf¡1(x )= sin¡1(x ).The se condusesan olde r te r m inology
take n from trigonom etry: f¡1(x )= arcsin(x ).These a r e justtwo di®e re ntna m esfor the
sa m e function.De rive usesa notation consiste ntwith the olde r te r m inology.

N ow De clar e the Function g(x)with for m ula De n̄ition asin(x).Con r̄ m thatf(g(x ))=
x by A uthoring andSim p lifying f(g(x)).Plotg(x )on top ofthe gr a p h off(x ),and
addthisto your sketch above.

N ote thatthe r e isone value of x for w hich g(x )= f(x ).W hatthisvalue ? You m ay
eithe r use your knowledge oftrigonom etry or the Zoo m fe ature ofDe rive to help answe r
thisq uestion.
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N ow zoom in on the p ointwhe r e the gr a p hsinte rse ctuntilyou can estim ate the slop es
ofe ach gra p h atthisp oint.W hata r e the valuesofthese slop es? (R e alizing thatthe se a r e
the gra p hsoffandf¡1,you m ay be able to dete rm ine these slop ese xactly.)

E valuate b=
p
3=2 ,the n use O p tion: Tr ace Mode to m ove the cursor to the p oint

(b;a)= (
p
3=2 ;g(

p
3=2 )on the gra p h ofg.C e nte r on the cr oss,the n Zoom in until

you can obtain a goodestim ate ofg0(b).

R e p e at,thistim e m oving the cursor to (a;b)= (g(
p
3=2 );

p
3=2 )on the gr a p h off.

Zoom in to estim ate f0(a).

Com p a r e your estim atesofg0(b)and1=f0(a)= 1=f0(g(b)).Doesthisagr e e with the
the ory? W hatcouldyou do to im p r ove these r esults?
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You know thatiff(a)= bandg(x )= f¡1(x ),the n

g0(b)= 1=f0(a)= 1=f0(g(b)); p rovidedf0(a)6= 0:

Using thisre sultandthe trigonom e tric ide ntity cos2(x )+ sin2(x )= 1to obtain a form ula
for the de rivative ofa rcsin(x ).

Check:
d
dx

a rcsin(x )=
1p

1¡ x 2
:

Con r̄ m thisusing C alculusDi®e r e ntiate in De rive.
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N ow e xa m ine your gr a p hsoff(x )andg(x )= f¡1(x )once m o r e .Com p lete the following
obse rvations:

A sx ! ¼
2

¡
,f0(x )!

A sx ! ¡¼
2
+
,f0(x )!

A sx ! 1¡,g0(x )!

A sx ! ¡1+,g0(x )!

B asedon these obse rvations,for m ulate a ge ne ralstate m e ntaboutp ointswhe r e the
de rivative ofan inve rse function be com esin n̄ite.How can your asse rtion be p rove n?
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Inve rse Trigonom e tric FunctionsandTrigonom e tric Substitutions

Conside r the righttriangle below with hyp ote ne use aand\op p osite " side le ngth x . In
te rm sofaandx ,whatisthe le ngth ofthe \adjace nt" side?

In te rm sofaandµ,whatisx ?

Use these two r esultsto dete r m ine the le ngth ofthe adjace ntside in te rm sofaandµ.

In te rm sofa,µ anddµ,whatisdx ?

Use your w ork thusfa r to r e w rite the antide rivative below in te r m sofa,µ anddµ r athe r
than in te rm sofa,x anddx .The n obtain a for m ula for the antide rivative in te r m sofa
andµ:
Z

dxp
a2 ¡ x 2

=

Use an a p p r op riate inve rse trigonom etric function to e xp r essµin te rm sof x anda.

Use thisre sultto e xp r essthe antide rivative above in te rm sof x anda.

Che ck thatthisantide rivative iscorr e ctby di®e re ntiating! A r e the r e any r estrictionson
the valuesof x for w hich thisresultisvalid?
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Pr e p a ring Your Lab R e p o rt

A sbe for e ,your r e p o rtshouldconsistofa cove r p age with the title ofthe r e p o rtand
the na m esandsignatur esofyour lab gr oup m e m be rs.A lso indicate your Lab Se ction.
E ach p e rson (in a gr oup ofthre e )shoulddraftone ofthe thr e e p a rts,andthe gr oup should
m e etto re adandcom m e nton these draftsbe for e subm itting the n̄alre p o rt.

Part1

A function f(x )with for m ula cos(x )can have an inve rse p r ovidedthe dom ain is
sp e cīedp r op e rly. The standardinte rvalchose n ne a r the origin is0 · x · ¼.E xp lain
w hy a function with thisfor m ula couldnothave an inve rse ifthe dom ain w e r e e xte nded
to a la rge r inte rval.The n gra p h both f(x )anditsinve rse function.Thisinve rse function
isna m edeithe r cos¡1 or a rccos.Following the m ethodfrom class(using the Chain R ule),
n̄da form ula for the de rivative ofthe function a rccos(x ).You m ay ne edto use a trig
ide ntity to sim p lify your r e sult.

Part2

Sup p ose you know the de rivative of an inve rtible function f(x ). R e vie w the r esult
r elating the de rivativesoffandf¡1.Unde r w hatconditionson f0willthe de rivative of
f¡1 be com e ze ro,be com e in n̄ite,or failto e xistatall. You m ay wish to re fe r to the
e xa m p lesin thislab.

Part3

In a m anne r sim ilar to the lastse ction ofthe lab,butstarting with a righttriangle
w hose hyp ote ne use is x andwhose \adjace nt" side isa,de rive r elationship suse fulfor
n̄ding the following antide rivative :

Z
dxp

x 2 ¡a2

N ote : Ultim ately you willbe able to use the following r esult:
Z
se cµdµ= ln jse cµ+ tan µj+ C

Che ck thatyour n̄alantide rivative (e xp r essedin te rm sof x )iscorr e ctby di®e r e ntiating!
(You can use De rive to help you or to che ck your work.)A r e the r e any r estrictionson the
valuesof x for w hich thisr esultisvalid?


