
Math 12 0 Lab 4: Inte gr ation by Substitution Sp ring 2 001

T hislab isto conce rnedwith the te chniq ue oftransfo rm ing di±cultantide rivativesand
inte gralsinto m or e e asily e valuatedonesusing the te chniq ue ofcleve rly chose n \substitution
functions". T he r e a r e tw o goalsfor thislab. T he r̄stisto gain m or e p ractice with this
te chniq ue andto use De rive to che ck your r e sults.The se condisto gain som e ge o m e tric
unde rstanding ofhow thiste chniq ue transform sthe inte grandandthe inte rvalofinte gration.

1.A ntide rivatives

Conside r the two functionsf(x )andh(u)whe r e

f(x )=
3x 2p
x 3 + 1

; h(u)=
1p
u
:

Use De rive to car e fully p lotf(x )on the inte rval1· x · 2 .Sketch thisp lotbelow.

Use De rive to car e fully p loth(u)on the inte rval2 · x · 9.Sketch thisp lotbelow.

(a)In w hatway a r e these grap hssim ilar? How do the y di®e r? W hatwouldyou have to do
geom e trically to transform the grap h offinto the grap h ofh?
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Use De rive to e valuate :
Z 3 x 2p

x 3 + 1
dx =

Use De rive to e valuate :
Z 1p

u
du =

(b)Com p a r e these two antide rivatives.How a r e the y re lated?

(c)B y hand,use the substitution u = g(x )= x 3+1to sim p lify,the n dete r m ine the following
antide rivative :
Z 3x 2p

x 3 + 1
dx =

2 .De n̄ite Inte gr als

N ow transform the lim itsofintegration asw ell,the n e valuate the n̄alde n̄ite inte gral.

Z 2

1

3 x 2p
x 3 + 1dx

=
Z 1p

u
du =

Che ck your r e sultswith De rive.

A lso,on your p lotson the r̄stp age ofthislab shade the ar e asunde r the gra p hsoff(x )
andh(u)e q ualto the two de n̄ite inte gralsabove.
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3.Som e Mor e A ntide rivatives

To do thisp roble m you willne edto \re call" a num be r oftrigonom e tric ide ntities.
He re the y ar e :

sin 2(x )+ cos2(x ) = 1
sin(2 x ) = 2 sin(x )cos(x )
cos(2 x ) = cos2(x )¡ sin 2(x )

= 1¡ 2 sin 2(x )
= 2 cos2(x )¡ 1

(a)Con r̄ m thatthe functionscos(x )sin(x )and1
2 sin(2 x )are inde edide nticalby using

De rive to p lotthe m on the sam e axes.

(b)E valuate
Z
sin(x )cos(x )dx :[Use the substitution function u = cos(x )]

(c)E valuate
Z
sin(x )cos(x )dx :[Use the substitution function u = sin(x )]

(d)E valuate
Z 1
2
sin(2 x )dx :
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(e) A r e your answ e rsto (b),(c)and(d)the sam e ? Ifnot,why not? R e m e m be r,these ar e
antide rivatives.

(f)Use the trigonom e tric ide ntitiesto obtain relationship sbetw e e n the arbitrary constants
in (a),(b)and(c).

[HIN T : R e p r ese nte ach a rbitra ry constantby a di®e re ntlette r,the n use the trig ide n-
titiesabove to obtain relationship sbetwe e n the constants]

4.Mor e De n̄ite Inte gr als

In thisp roble m w e willconside r how to use inte gration by substitution on de n̄ite inte-
grals.You willse e thatthe r e ism or e than one u substitution thatcan be usedto getthe
cor r e ctansw e r.

(a)Use u-substitution to re w rite,the n e valuate
Z ¼=2

0

1
2
sin(2 x )dx by hand.[Use De rive to

che ck your answ e r.]

(b)Use u-substitution to re w rite,the n e valuate
Z ¼=2

0
sin(x )cos(x )dx .Che ck with De rive.
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(c)Use u-substitution to re w rite,the n e valuate
Z ¼=2

0
sin(x )cos(x )dx .Che ck with De rive.

(d) A r e your n̄alresultsin (a),(b)and(c)identical? Shouldthe y be ?

N o R e p o rtIsN e cessary for thisLab

W hile no r e p o rtisne cessa ry for thislab,you shouldbe able to answ e r the following
q uestionsbasedon it.W e suggestyou discussthese with your lab group .

Conside r the integralsinvestigatedin num be rs1.and2 . above. Ge om etrically,how did
substitution transfo rm the inte grandf? How doesthisge o m e tric transform ation relate to
e ach ofthe substitution ste p s? Fo r e ach ofthe two de n̄ite inte grals,dete rm ine the sm allest
num be r of subdivisionsre q uiredfo r the di®e re nce betw e e n left-andright-handR ie m ann
sum sap p roxim ationsto be lessthan 0:1.Doesittake the sa m e num be r fo r both integrals?
Try to e xp lain your r e sult.

Use your r e sultsfrom 3.and4.to co m m e nton the r elationship sbetw e e n the a r e a unde r a
sin 2(x )curve (o r a cos2(x )curve)betw e e n x = 0 andx = ¼=2 andthe ar e a unde r a p a rabola
y= x 2 betwe e n x = 0 andx = 1:Give a sketch.

Part3: W ith the knowledge gainedfro m thislab andothe r w o rk in thiscourse on substi-
tution,e valuate these (ap p a r e ntly di±cult)de n̄ite inte gralsby hand.Show allyour w ork.

(a)
Z
3x 2(x 3 + 1)49:3 dx

(b)
Z 1

0
3x 2 [4(x 3 + 2 )2 9 ¡ sin(¼(x 3 + 2 ))+ e x

3+2]dx

(c)
Z 1

0

r
1+

q
1+

p
x dx
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