
Math 12 0Lab #1 Sp ring 2 001

N am es: W ednesday/Thursday
January 2 1/Fe bruary 1,2 000

R on B uckm ir e
A lan K no e r

Using R ie m ann Sum s

Intr oduction: R ie m ann Sum s

R ie m ann sum s,nam edafte r the Ge rm an m athe m atician G.F.B.R ie m ann (182 6 {186 6 ),ar e usedto e xp re ss,
in a consiste ntandsyste m atic way,the r esultsofthe \subdivide,ap p r oxim ate,accum ulate " ap p r oach to
estim ation of variousq uantities. De p e nding on the inte r p r etation of a num e ricalfunction (asvelocity,
height,cross-section,p owe r,etc.),the R ie m ann sum co rr esp ondsto an estim ate ofa r elatedaggr e gated
q uantity (such asdistance,ar e a,volum e,e ne rgy,etc.)

A p a rticular R ie m ann sum fo r a function f(x )de n̄edon the inte rvala· x · bisdete r m inedby a
num be r ofchoices:

² N ,the num be r ofsubdivisionsofthe inte rval;

² the le ngthsofe ach ofthe subinte rvals

¢ x 1;¢ x 2 ;:::;¢ x k;:::;¢ x N

(In som e cases,allthe subdivisionsar e ofthe sam e le ngth,denotedby just¢ x .); and

² the se q ue nce ofsam p ling p oints,one chose n fro m e ach ofthe subinte rvals:

x 1;x 2 ;:::;x k;:::;x N :

The R ie m ann sum for the function f on the inte rval[a;b]with thissubdivision andthissetof
sam p ling p ointsisde n̄edto be :

SUM = f(x 1)¢ x 1+ f(x 2 )¢ x 2 + :::+ f(x k)¢ x k + :::+ f(x N )¢ x N

=
NX

k=1

f(x k)¢ x k
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A .E q ualsubdivisions

In the case w he n allthe subdivision p ointsare the sam e,the R ie m ann sum hasthe sim p le r fo r m

SUM =
NX

k=1

f(x k)¢ x

=

1.W rite outthe \long-hand" ve rsion ofthe sum in the blank sp ace above.

2 .Ifthe function isde n̄edon the inte rval[1;6 ]andN = 500 e q ualsubinte rvalsar e used,whatisthe
value of¢ x ?

W hatnum be r isatthe righte ndofthe r̄stsubinte rval?

W hatnum be r isatthe righte ndofthe 17 -th subinte rval?

W hatnum be r isatthe righte ndofthe 2 17 -th subinte rval?

W hatnum be r isatthe righte ndofthe k-th subinte rval? (For the lastq uestion,w rite a for m ula
using the variable k.)

3.W rite a for m ula which givesthe value of ¢ x whe n N e q ualsubinte rvalsar e usedon the inte rval
[a;b].

W hatnum be r isatthe righte ndofthe r̄stsubinte rval? (W rite a for m ula using aand¢ x .)

W hatnum be r isatthe righte ndofthe 2 17 -th subinte rval?

W hatnum be r isatthe righte ndofthe k-th subinte rval?
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W he n we wish to ap p r oxim ate som e q uantity using R ie m ann sum s,we usually cr e ate a subdivision,
p ick our sam p ling p oints(usually with som e sche m e in m ind{alwaysthe highestp oint,the low estp oint,
the m idp oint,the right-hande ndp oint,etc.),andm ake an ap p r oxim ation.To geta bette r a p p roxim ation,
re n̄e the m ethodby using m or e subinte rvals.

In today'slab,we willconside r di®e re ntfunctionson variousinte rvals.R e call,we can inte rp re te ach
R ie m ann sum asan ap p r oxim ation to the signedarea be tw e e n the inte rvalon the x -axisandthe gra p h of
the function.

B.A m onom ialfunction

The r̄ste xam p le isthe m ono m ialfunction m(x )= 2
5 x

3 for x in the inte rval[1;2 ].W e willuse R ie m ann
sum sto estim ate the ar e a unde r the gra p h y= m(x ),above the x -axis,for x betw e e n the le ftboundary
x =1andthe rightboundary x = 2 .

1.Sketch the gra p h y= m(x )= 2
5 x

3;1· x · 2 on a p ie ce ofgrap h p a p e r.O fcourse,you m ay use a
calculator or a co m p ute r to help .

2 .Use N = 5 subdivisions,so that¢ x = 0:2 .For thisR ie m ann sum ,use the right-handendpointsas
the sam p ling p ointsx 1;x 2 ;:::x 5.Fillin the following table,using your calculators.

3.W he n you a r e co m p lete,use the table to calculate the value ofthe R ie m ann sum .
5X

k=1

f(x k)¢ x

Identify on the table the v̄e num be rsyou addedto obtain the R ie m ann sum .

k k-th inte rval R ighte ndp ointx k V alue f(x k) f(x k)¢¢ x
1

2

3

4

5
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4.Startup the T RU E B ASIC syste m on your group 'scom p ute r andop e n the p r ogra m l̄e AGGSUM.
Thisp rogra m willcalculate a table justlike you com p utedyourself,once you have l̄ledin the
following infor m ation:

² the de n̄ition ofthe function f(x ),

² the inte rval[a;b],and

² the num be r ofsubdivisionsN .

Typ e in thisinform ation andche ck your calculationsabove.

5.Mor e subdivision.K e e p ing the function de n̄ition andthe inte rvalthe sam e,incr e ase the num be r
ofsubdivisionsfrom N =5 to N =100.W hatisthe value ofthe R ie m ann sum with the r e n̄e m e nt?

Do you believe thatthisre n̄edR ie m ann sum isclose r to the value ofthe ar e a? E xp r essthe basis
for your beliefin one or two se nte nces.

6 .Stillm or e subdivision. Use a large value of N for the num be r of subdivisionsuntilyou ar e
con d̄e ntthatyou have a \3-p lace " estim ate for the e xactvalue ofthe ar e a.E xp lain the basisof
your con d̄e nce.(Ifyou a re sure you have the best3-p lace estim ate,say why.)

N ote : A num be r E S T with thre e digitsafte r the decim alpointiscalledthe \thre e-place
estim ate " to the value V A L ifE S T isthe resultof\rounding" V A L to thre e places.O ne
p rope rty ofthe thre e-place estim ate isthatjE S T ¡ V A Lj· 1

2 10
¡3
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C.The r e cip r o calfunction

To calculate R ie m ann sum sfor the re stofthislab session,use the T RU E B ASIC p r ogra m RIEMANN.
W he n you look atthe p rogram instructions,you willse e thatthe calculationsar e allthe sam e | the only
di®e re nce isthatthe inte r m ediate calculationsar e notdisp layed,only the sum m a ry.

For thissetofp roble m s,use the function f(x )= 1
x .

1.O n a she etofp lain p ap e r,give a sketch ofthisfunction for 1· x ·10.Choose your scale to l̄lup
asm uch ofthe p age asp ossible with the sketch.

2 .Inte rval[1;2 ].Use p rogra m RIEMANN andwell-chose n valuesofN to give a two-p lace estim ate ofthe
a re a boundedby the x -axisandthe gra p h y= 1

x above thisinte rval.

3.Inte rval[1;3].Use p rogra m RIEMANN andwell-chose n valuesofN to give a two-p lace estim ate ofthe
a re a boundedby the x -axisandthe gra p h y= 1

x above thisinte rval.

Since thise xe rcise looksatar e asboundedby thisfunction ove r inte rvals[1;b]for variousvaluesofb,itis
conve nie ntto de n̄e a ne w function asfollows:

L(b)= the a r e a boundedby the x -axisandthe grap h y=
1
x
above the inte rval[1;b]:

Itisim p o rtantto be awa r e thatthe variable in thisne wly-de n̄edfunction isthe rightboundary b.A lso,
the ge o m etric de n̄ition ofthe function do esnotap p ly for b<1.

1.Use the p r ogra m RIEMANN to calculate a two-p lace estim ate ofthe num be r L(6 ).

2 .Com p lete the following table ofvaluesfor the function L.Give two-p lace e stim atesfor e ach ofthe
values.

b 1 2 3 6
L(b)

3.Think up a sp e cialvalue ofbfor your group to use.Use the p rogram RIEMANN to calculate two-p lace
estim atesofL(b)andL(2b).Fillin your valueson the table above.

4.A m ino r m iracle.Calculate the two di®e re ncesL(6 )¡ L(3)and(using your group 'svalue ofb)
L(2b)¡ L(b).How do the di®e r e ncescom p a r e ? Can you inte r p r etthe r esultin te r m sofare as?
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D.Estim ating ¼

The num be r ¼ isusedin the for m ula for the a re a inside a circle : A circle with radiusrhasar e a A = ¼r2.
Stude ntsare co m m andedto m e m o rize the value ofthe sp e cialnum be r ¼,butare ofte n give n no r e ason to
believe thatthe value iscor r e ct.Thisp roble m atte m p tsto give a thr e e -p lace estim ate for ¼ thateve ry
studentcan belie ve .

1.Draw the circle in the x y-coordinate p lan with ce nte r atthe o rigin andradius2 .E xp lain why the
a re a inside the p o rtion ofthe circle in the r̄stq uadrantise xactly ¼.

2 .The e q uation for the e ntire circle isknown to be x 2 + y2 = 4.Use thise q uation to dete r m ine the
function y= f(x )whose grap h isthe p ortion ofthe circle in the r̄stq uadrant.

3.Use the com p ute r| with ap p r o p riately sp e cīedfunction,inte rval,andnum be r ofsubdivisions| to
give a thr e e-p lace estim ate to ¼.

4.Isthism e thodofap p r oxim ating ¼ m o r e believable than m e m orizing whatyour m iddle-scho olm ath
te ache r toldyou?
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W riting up thisLab.

You shouldcom p lete the lab above andm ake sur e thate ve ryone in the group unde rstandsit.Late r in
the w e e k,your lab group shouldm e etonce again to discusswhatyou le a rnedfro m thislab.A sa group ,
p r e p ar e your r esp onsesto the q ue stionsp osedabove in PartB,C andD,afte r che cking your w ork in Part
A .Your r e p o rtshouldconsistofa cohe r e ntnar r ative for e ach ofPartsB,C,andD; in e ach case,cle a rly
state the p r oble m to be solvedandanswe r e ach q uestion in thatp a rtin the course of your na r rative.
Include any ne cessary andsup p o rting gra p hs,m athe m aticalre asoning andcalculation.R e p ortsm ay be
w ord-p rocessed,butne atandcle a r handw ritte n r e p o rtsar e p e rfe ctly acce p table.

Thissum m a ry isdue atlab tim e in one we e k(W ednesday/Thursday,Fe bruar y 7 /8,2 001).E ach
m e m be r ofthe group shouldsign he r/hisnam e on the subm ittedp ap e r,indicating he r/hisfullp articip ation
in the p re p a ration ofthe assignm e nt.
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