
M ath 12 0 Sp ring 2 001 FinalR e vie w A ssignm e ntandT op icsSum m a ry

R on B uckm ir e
A lan K no e r r

0.The FinalExam in Math 12 0 isThursday May 10 6 :30p m -9:30p m in Fowle r

1.The ide asar e the m ostim p o rtantthing!

2 .Practice som e te chniq ue s.Im p o rtantte chniq uesinclude dete r m ining the num be r ofsubdi-
visionsne ededto obtain a R ie m ann sum a p p r oxim ation ofthe de n̄ite inte gr alofa m onotone
function to a give n de gr e e of accur acy; n̄ding the de rivative of an accum ulation function;
r e lating the gr a p hsofa function,itsde rivative anditsfam ily ofantide rivatives; w riting the
solution of an initialvalue p r oble m asan accum ulation function; using basic p r op e rtiesof
inte gr alsandantide rivatives; using the Fundam e ntalThe or e m ofC alculusto e valuate de n̄ite
inte gr als; ap p r oxim ating the value ofa de n̄ite inte gr alby ap p r oxim ating the inte gr andwith
a Taylo r Se rie s.In p a rticula r,you shouldknow the table ofantide rivatives/de rivativesbe low.

a.

f0(x )= F 00(x ) f(x )= F 0(x ) F (x )=
R
f(x )dx

0 1 x + C

n x n¡1 x n (n 6= ¡1) 1
n + 1

x n+1+ C

¡ 1
x 2

1
x ln jx j+ C

cos(x ) sin(x ) ¡ cos(x )+ C
¡ sin(x ) cos(x ) sin(x )+ C

2 se c2(x )tan(x ) se c2(x ) tan(x )+ C

¡ 1
(1+ x 2)2

¢2 x 1
1+ x 2

a rctan(x )+ C
1
2 (1¡ x 2)¡3=2 ¢2 x 1p

1¡x 2
arcsin(x )+ C

e x e x e x + C
ax ln(a) ax (a> 0) 1

ln(a)a
x + C

se c2(x ) tan(x ) ¡ ln(jcos(x )j)+ C
1
x

ln(x ) x ln(x )¡ x + C

b. n̄ding antide rivativesandevaluatingde n̄ite inte gr alsby using u-substitution (
Z

f0[g(x )]g0(x )dx =
R
f0[u]du = f[u]+ C = f[g(x )]+ C p ick u = g(x )andconve rtthe inte grale ntir e ly to u

variables.You can e ithe r r e turn to x -va riableso r stay in u-sp ace w he n e valuating de n̄ite
inte gr als); How e ve r you shouldbe able to conve rtone de n̄ite inte gr alin x -variablese ntir e ly
to anothe r inte gr alin u-variablesgive n the p a rticular u-substitution

c. n̄ding antide rivativesandevaluating de n̄ite inte gr alsby using inte gr ation by p a rts
(
Z

f¢g0dx = f¢g¡
Z

f0¢gdx or
Z

udv = uv ¡
Z

vdu).Don'tfo rge t
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(i)R e p e atedinte gration by p a rtse.g.
Z

x 2 e¡x dx

d. n̄ding the a r e a be tw e e n two curvesby setting up the p r o p e r inte gr alove r the p r op e r inte r-
valande valuating itusing the fundam e ntalthe or e m of calculuso r a p p r oxim ating itusing
num e ricalm e thods;

e . n̄ding the ave r age value ofa function on a give n inte rvalby setting up the p r op e r inte gr al
ove r the p r o p e r inte rval,i.e. 1

b¡a

Rb
af(x )dx

f. n̄ding the le ngth ofa curvedse gm e ntoff(x )from (a;f(a))to (b;f(b))by using the fo r m ula
L =

Rb
a

q
1+ [f0(x )]2 dx

g.using basic alge br a skillsandtrigono m e tric ide ntitiesto help sim p lify inte gr ands,so thatone
m ay n̄dantide rivativesande valuate de n̄ite inte gr als;

h.using num e ricalm ethodsofinte gr ation:

{R ie m ann Sum s
NX

k=1
f(xk)¢x

{LeftHandSum sxk = a + (k ¡ 1)¤¢x,R ightHandSum sxk = a+ k ¤¢x
{Midp ointm ethodxk = a + (k ¡ :5)¤¢x
{Tra p e zoidalR ule T = L+R

2

{Sim p son'sR ule S = 2
3 M + 1

3 T

{Midp ointE r r o r ve rsusTrap e zoidE r r o r (de p e ndson concavity f00andisp rop o rtionalto
N ¡2 or (¢ x )2)

{LeftR ie m ann E r r o r ve rsusR ightR ie m ann E r r o r (de p e ndson slop e f0andisp rop o rtional
to N ¡1 or ¢ x )

{Sim p son E r r o r (de p e ndson f(4) andisp ro p o rtionalto N ¡4or (¢ x )4)

{E r r o r C ontrole .g.R ie m ann e r r o r = jf(b)¡ f(a)jb¡a
N

· :001) solve for N

3.O the r top icsinclude :

a.im p r op e r inte gr alsofthe r̄stkindandofthe se condkind(re m e m be r the p-rules!)

b.dete r m ining conve rge nce ofim p r o p e r inte gr alsusing the C om p a rison Te stfor Im p r op e r
Inte gr als

c.p olyno m ialap p r oxim ationsofa function ne a r a p oint(Taylo r p olyno m ials),ap p lications
ofTaylo r p olynom ialap p r oxim ationsto de rivativesandanti-de rivatives,using calculus
andalge br a to n̄dne w Taylor Se riesfrom fam iliar ones

d.testsfo r DIV E R GE N CE ofan in n̄ite se rie sn-th te r m a.k.a.(ze r o-lim it); testsfor
conve rge nce and/or dive rge nce : alte rnating se rie s,inte gr al,com p arison,ab-
solute r atio andge om etric se rie s
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e .use fulse rie sto r e m e m be r a r e p-se ries,ge om etric se ries,har m onic se ries,alte rnating ha r-

m onic se ries.R e m e m be r thatthe sum of a ge om etric se ries
1X

k=0
ark conve rge sto

a
1¡ r

aslong asthe r atio jrj< 1

f.R e m e m be r the di®e r e nce sandconne ctionsbe twe e n im p r op e r inte gr alsandin n̄ite se rie s
andbe able to articulate these conce p tsin w ritte n for m

4.Inve rse Functions.R e callthe basic de n̄ition ofan inve rse.Itisa function g(x )w hich is
r e latedto anothe r function f(x )such thatf(g(x ))= x andg(f(x ))= x .

a.R e callthatthe gr ap h ofa inve rse ofa function can be obtainedfro m the originalfunction
by r e °e ction acr ossthe line y= x .

b.R e callalso thatthe de rivative g0(b)=
1

f0(a)
whe n b= f(a)anda= g(b)whe n fandg

a r e inve rse sofe ach othe r.

5.Practice using testsfor conve rge nce.E sp e cially im p ortantar e the A bsolute R atio Te st
andthe Ze r o Lim itTestfor Dive rge nce.Don'tcom e into the e xam withoutbeing able to take
the lim itask ! 1 ofsom e e xp r e ssion involving k.You shouldbe able to ap p ly L'Hop ital's
rule on those indete r m inate lim its.Don'tfo rge tthe othe r testswe have cove r ed(the Inte gr al
Te st,the C om p a rison Te st,andA lte rnating Se rie sTe st).

6 .R e m e m be r the basic ide a ofdoing com p a risons:
If you wantto show thatsom e thing CO N V E R GE S,you have to com p a r e itto som e thing
which isLESS THA N O R E QUA LTO som e thing you alr e ady know CO N V E R GE S.
Ifyou wantto show thatsom e thing DIV E R GE S,you have to co m p a r e itto som ething which
isGR E A TE R THA N O R EQ UA LTO som e thing you alr e ady know DIV E R GE S.
The \som e thing" can e ithe r be an im p r o p e r inte gr alor an in n̄ite se rie s,butin eithe r case
the inte gr andor te r m sm ustallbe PO SITIV E .FUN CTIO N S DO N O T conve rge o r dive rge,
im p r o p e r inte gr alsor in n̄ite se rie sdo.

7 .Taylo r Se rie sTo R e m e m be r...

sin(x ) = x ¡ x 3

3!
+

x 5

5!
+ ::: =

1X

k=0

(¡1)k x 2 k+1
(2 k + 1)!

cos(x ) = 1¡ x 2

2 !
+

x 4

4!
+ ::: =

1X

k=0

(¡1)k x 2 k
(2 k)!

1
1¡x = 1+ x + x 2 + x 3 + ::: =

1X

k=0

x k

ln(1+ x ) = x ¡ x 2

2
+

x 3

3
+ ::: =

1X

k=1

(¡1)k+1x
k

k

e x = 1+ x +
x 2

2 !
+

x 3

3!
+ ::: =

1X

k=0

x k

k!
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7 .E valuating Lim its
L'Hôp ital'sR ule

If lim
x ! 1

f(x )
g(x )

isofthe fo r m 1
1 or 0

0 o r 0¢1 the n

if ifthe lim it lim
x ! 1

f0(x )
g0(x )

= L e xists,the n lim
x ! 1

f(x )
g(x )

= L In othe r w o rds,if you have an

indete r m inate lim it,justdi®e r e ntiate the num e r ator andde nom inator andtake the lim it
again untilyou geta dete r m inate answ e r.Thatansw e r willbe the value ofthe lim it.
You shouldbe com fortable with discounting or ignoring p a rtsof an e xp r ession whe n the se
p a rtsa r e ge tting ve ry sm allcom p a r edto the r e stofthe e xp r e ssion.R e m e m be r,sin(x )and
cos(x )only r e turn value sbe tw e e n §1.
R e callthe variousrulesinvolving lim its,such aslim

b! 1
bp,lim

x ! 1 e kx

R e m e m be r thatw he n the r e 'sa race betw e e n e x andany p olynom ialfunction x p as x ! 1,
e x willalwayswin.Conve rsely,ln(x )willlose any r ace with x p asx ! 1

8.Inte rvalO fConve rge nce andR adiusO fConve rge nce

Conside r
1X

k=0
bk(x ¡a)k. ThisPow e r Se riesm ay notconve rge fo r allx -value s. The se tof

x -value sfo r w hich the se rie sconve rgesiscalledthe inte rvalof conve rge nce.The inte rvalof
conve rge nce isalwaysce nte r edon the p ointa.

The inte rvalofconve rge nce can be in n̄ite,i.e.(¡1 ;1)a.k.a.\allR e alN um be rs".O r it
can be a n̄ite inte rvalofthe for m (a¡R;a+R);[a¡R;a+R];(a¡R;a+R]or [a¡R;a+R).
R iscalledthe radiusofconve rge nce.The value R = 1=L andiscom p utedusing the absolute
r atio test.

1
R
= L = lim

k! 1

¯̄
¯̄
¯
bk+1
bk

¯̄
¯̄
¯

W e use thiside a ofinte rvalofconve rge nce in the SPE CIFIC E X A MPLE oftrying to dete r m ine
for w hich x value sa Taylor Se rie swillconve rge .(R e m e m be r a Taylor Se rie sisjusta sp e cial
case ofPowe r Se ries.)
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FIN A LE X A M BLUE N O T E S

N a m e :



SA MPLE PR O BLEMS FO R FIN A LE X A M

1.Draw the ar e a r e p r e se ntedby the following inte gr al
Z 4

0

1
1+ x 2

dx :

Using n = 4subinte rvals,estim ate the de n̄ite inte gr alusing the following:

a.le fte ndp ointR ie m ann sum

b.righte ndp ointR ie m ann sum

c.m idp ointR ie m ann sum

d.tra p e zoidrule and

e.Sim p son'srule.

f.Com p ute the e xactinte gral(use the FTC).

The n com p a r e your e stim ate s.K now which onesar e m ostaccurate andwhy.

2 . a.Using inte gr ation by substitution,̄ nd
Z

x
p
1+ 3 x dx

b.Using inte gr ation by p a rts,̄ nd
Z ln(x )

x 2
dx

c.Using inte gr ation by p a rtsor inte gr ation by substitution,̄ nd
Z
sin 2(x )cosx dx

d.B y e valuating a de n̄ite inte gr al, n̄dthe ar e a unde r the x -axisbutabove the curve
y= x 2 ¡ 3x .Draw a sketch ofthe curve andindicate the r e q ue stedar e a on your ske tch.

e.B elow isa listofinde n̄ite inte gr als.Findan antide rivative for e ach.
Z
sin(2 x )dx ;

Z
3 cos2(4x )sin(4x )dx ;

Z
7 x dx ;

Z
x 2(x 3 ¡ 6 )2 0 dx ;

Z 3
4x ¡ 2

dx :

6



f.Findthe ave r age value off(x )= sin2(3x )cos(3 x )on [0;¼
6 ].

g.E valuate the following: Z 1

0

xp
1+ x

d x ;
Z x
1+

p
x

dx :

3.E xp lain why using Sim p son'sm e thodto e valuate the de n̄ite inte gr alin p a rt(d)above will
com p ute the answ e r e xactly,butifyou w e r e to use the Midp ointor Tr a p e zoidMethodthe
answ e r w ouldonly be ap p r oxim ate.(You can testthisfo r yourse lfby trying to e valuate the
de n̄ite inte gr alusing Midp oint,Trap e zoidandSim p son'sMethodandse e ing thatSim p son's
ise xact.)

4.Calculate the following (im p r op e r)inte gr als.

a.
Z 1

0
ln(2 x )dx

b.
Z 6

0

1p
6 ¡ x

dx

c.
Z 8

3

1
2 ¡ x

d x

d.
Z 1

1

1p
x + 2

dx

e .
Z 1

1

x 2

1+ sin2(x )
dx

f.
Z 1

1

sin 2(x )
1+ x 2

dx

5.Calculate the ar e a ofthe r e gion unde r the curve y=
p
x + 1,above the x -axisandbetw e e n

x = 0 andx = 4.
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6 .Findthe uniq ue solution to the IV P

y0+ y(1+ x )= 0; y(¡2 )= 1

7 .Give n thatA(X)=
Z X

1

p
1+ e 2 x dx

a.E valuate A(1)

b.E valuate A 0(1)

c.E valuate A 00(1)

d.Show thatA(b)r e p r e se ntsthe le ngth ofthe curve y= e x fro m the co o rdinate (1;e)to
(b;eb)

e.IfB(X)=
Z sin(X)

1

p
1+ e 2 x dx ,FindB 0(X).

8.Com p ute the following:

A =
Z 2

0
x 2 tdx

B =
Z 2

0
x 2 tdt

C =
Z 2

0
x 2 tdk

D =
Z x

0
k 2 tdt

E =
Z k

0
x 2 tdx

W hatis
dB
dx

e q ualto? W hatabout
dD
dx

?
dE
dx
?

dA
dt
?

9.Solve the following initialvalue p r oble m

f0(x )=
3
x
+ e x + x 3; f(2 )= 0:

10. a.Findthe se conddegr e e Taylor p olynom ialbasedata= 2 fo r the function g(x )= e 2¡x .

b.Use your answ e r in p art(a)to e stim ate
Z 2 :1

1:9
e 2¡x dx :
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11.Dete rm ine w he the r the following se rie sconve rge o r dive rge .

a.
1X

n=0

1
3 + 4n

b.
1X

n=0

6 n

n !

c.
1X

n=1
(¡1)n 5p

n3

d.
1X

n=1
(¡1) 2p

n

12 .E valuate the following sum se xactly:

1+
1
e
+
1
e 2
+
1
e 3
+ ¢¢¢:

1¡ 1
e
+
1
e 2
¡ 1

e 3
+ ¡ ¢¢¢:

1+ 2
1
e
+ 3

1
e 2
+ 4

1
e 3
+ ¢¢¢:

1+
1
e 2
+
1
e4
+
1
e 6
+ ¢¢¢:

14.W rite down the Taylor Se rie sfo r f(x )= e¡x 3 aboutthe p ointx = ¡1.(HIN T : You p r obably
do notwantto do thisby taking any de rivativesoff(x ).)

15.Findthe r adiusandinte rvalofconve rge nce ofthe in n̄ite se ries
1X

k=0
(¡1)k x 2 k

16 .W rite down an e xa m p le ofa function which isinvolutory.T hatis,itisitsow n inve rse .You
shouldbe able to think of atle astone e xam p le andthe n using the de n̄ition of an inve rse
p r ove thatthe function satis̄ esthisde n̄ition.
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