
Math 110 Lab 5: Lim its,Continuity andLocalLine arity Fall'00

Intr oduction

In Class14you we r e introducedto the notion ofa lim itin de n̄ing the instantane ous
velocity ofa m oving obje ct.Thislab hasthr e e goals:
A .give you a m o r e p r e cise unde rstanding ofw hatism e antby a lim it;
B.use the language oflim itsto e xp r essthe factthatthe gr a p hsofsom e functionshave

no br e aksin the m ;
C.use the ide a ofa lim itto p r e cisely de n̄e (w he n thisisp ossible)the slop e ofthe gr a p h

ofa function,e ve n ifthatfunction isnotline a r.

In the r̄stp a rtofthislab you willuse E xcel.In the se condp a rtofthe lab you will
be introducedto anothe r softwa r e tool,De rive .In the n̄alp a rtofthe lab you willr eturn
to E xcel.

Lim its

W e 'llbe gin with an e xa m p le.B ut r̄st,take a m inute to re m indyourse lfaboutthe
sine function by e valuating the following:

sin(¡¼)= ; sin(¡¼=4)= ; sin(0)= ; sin(¼=4)= ; sin(¼)= :

You m ay also wish to gr a p h the sine function on your gr a p hing calculator.(B y the way,
although you can a p p r oxim ately e valuate these e xp r e ssionsusing your calculator,you
shouldknow the e xactvaluesby he a rt.)

N ow on to the e xa m p le.Letp(x )= sin(x )=x .

1.W hatisthe naturaldom ain for p ? T hatis,can x be any r e alnum be r o r a r e the r e
valuesthatx cannothave ?

W e a r e now going to investigate p(x )for valuesof x ne a r 0.How e ve r,rathe r than
justp icking a bunch ofvaluesfor x andse eing w hatp(x )e q ualsin e ach case,w e a r e going
to be m o r e syste m atic. Sp e cīcally,we a r e r̄stgoing to e valuate p(x )for se q ue ncesof
p ositive valuesof x thatgetclose r andclose r to 0.The n w e a r e going to e valuate p(x )for
se q ue ncesofne gative valuesof x thatgetclose r andclose r to 0.

W ith your lab group ,go now to a com p ute r,startE xcel,andop e n the Wk06F00Lab
workbo okin the Shared ... /Math Courses/Math 110dire ctory.In the up p e r le fthand
corne r ofthe she etlabeledp(x) you willse e colum n he adingsfor x andp(x) = sin(x)/x.
Using your cursor,click on e ach cellandm ake sure you unde rstandthe for m ulasassociate
with e ach.
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The Lim itofp (x)asx ! 0+.

Cop y the for m ulasfor the lastrow down the colum ns. N ote thatallthe x valuesa r e
p ositive.
2 .W hatvalue isx a p p r oaching? (Se e ifyou can also convince yourselfofthisby looking
atthe for m ula p roducing thisse q ue nce of x value s.)

3.A sx a p p roachesthisvalue,whatvalue do esp(x )se e m to a p p r oach?

Use the Cha rtW izardto cr e ate a scatte r p lotofp(x )vs.x andcon r̄ m visually what
you have alr e ady obse rvedin table.

You shouldhave obse rvedthatasx a p p roache s0through p ositive values,p(x )ap p r oaches
1.To se e thise ve n m or e cle a rly,go to the top ofthe colum n in the sp r e adshe etne xtto
p(x).Labelthiscolum n p(x) - 1,andin the ne xtcellin thatcolum n e nte r the for m ula
= B2 - 1.Cop y thisfor m ula down to the r estofthe cellsin thatcolum n to l̄loutthe
table.Sim ilarly,labelthe ne xtcolum n as|p(x) - 1|,the n e nte r andcop y the for m ula
ne ededto com p ute the absolute value ofp(x) - 1.

4.B asedon your table ,̄ ndvaluesof x to com p lete the following state m e nts.(You m ay
ne edto e xte ndthe table to answ e r som e ofthese q uestions.)

If0< x < ,the n 0< jp(x )¡ 1j< 0:1.

If0< x < ,the n 0< jp(x )¡ 1j< 0:01.

If0< x < ,the n 0< jp(x )¡ 1j< 0:001.

If0< x < ,the n 0< jp(x )¡ 1j< 0:0001.

5.B asedon thise xp e rie nce,do you belie ve thatitisalwaysp ossible,in p rincip le,to
com p lete a state m e ntofthe for m :

\If0< x < ,the n 0< jp(x )¡ 1j< tole rance,"

no m atte r how sm alla p ositive value w e choose for the \tole r ance " ?

T he for m al,sym bolic way ofstating thatthisisalwaysp ossible is:

lim
x ! 0+

p(x )= 1;

r e ad,\A sx a p p r oaches0 from A B O V E,p(x )ap p r oaches1," or alte rnatively,\The lim it
of p(x ),asx a p p r oaches0 from above ,is1." N ote som e sp e cialsym bols: the a r row \! "
standsfor \a p p roaches" andthe sup e rscrip t\+" on the 0 standsfor \fr om above."
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The Lim itofp (x)asx ! 0¡.

6 .B y changing the value in O N E cellin the sp r e adshe etyou can study the be havior of
p(x )asx a p p r oaches0through N EGA T IV E values.Make thischange,the n com p lete
the following state m e nts:

If < x < 0,the n 0< jp(x )¡ 1j< 0:1.

If < x < 0,the n 0< jp(x )¡ 1j< 0:01.

If < x < 0,the n 0< jp(x )¡ 1j< 0:001.

If < x < 0,the n 0< jp(x )¡ 1j< 0:0001.

7 .B asedon thise xp e rie nce,do you belie ve thatitisalwaysp ossible,in p rincip le,to
com p lete a state m e ntofthe for m :

\If < x < 0,the n 0< jp(x )¡ 1j< tole rance,"

no m atte r how sm alla p ositive value w e choose for the \tole r ance " ?

T he for m al,sym bolic way ofstating thatthisisalwaysp ossible is:

lim
x ! 0¡

p(x )= 1;

r e ad,\A sx a p p r oaches0 from B ELO W ,p(x )ap p r oaches1," or alte rnatively,\The lim it
ofp (x ),asx a p p r oaches0 from below,is1." N ote anothe r sp e cialsym bol: the sup e rscrip t
\¡" on the 0 standsfor \from below."

The Lim itofp (x)asx ! 0.

T he following thre e state m e ntsar e true for our e xa m p le :

a)lim x ! 0¡ p(x )e xists;

b)lim x ! 0+ p(x )e xists;

a)lim x ! 0¡ p(x )= 1= lim x ! 0+ p (x ).

The for m al,sym bolic way ofsum m a rizing these thr e e state m e ntsis:

lim
x ! 0

p(x )= 1;

r e ad,\A s x a p p r oaches0,p(x )ap p r oaches1," or alte rnatively,\The lim itof p(x ),as x
a p p r oaches0,is1."
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R e m a rkson Lim its

In thisse condunitofthe course,m any ofthe state m e ntsw e m ake willinvolve lim its.
You p robably alre ady have a goodintuition aboutwhata lim itis,andnow you have se e n {
in the conte xton one e xa m p le {a ve ry ca r e fule xp lanation ofe xactly whatm athe m aticians
m e an by a lim it.

Yete ve n in thise xa m p le w e w e r e notable to actually PR O V E thatlim x ! 0 p(x )= 1.
Such a p r o ofisp ossible with m or e advancedm athe m atics.In thiscourse,how e ve r,w e will
continue to r ely on your intuition conce rning lim itswhile gr adually giving you m or e and
m or e toolsto r e ason with the m .

ContinuousFunctions

Intuitively,a function fiscontinuousifitsgra p h hasno br e aks.A br e ak in a gr a p h
couldoccur for two sortsofr e asons.Itm ightbe thatthe function isnotde n̄edatthe
p ointwhe r e the br e ak occurs.Itm ay also be thatthe function value take sa sudden jum p
the r e.Ifa function'sgra p h hasa br e ak ata give n inp utvalue a,the n the function issaid
to be discontinuousata.Ifthe function isnotdiscontinousata p oint,the n itissaidto
be continuousatthatp oint.

A n e xa m p le willhelp m ake thism or e cle a r andwillalso le adusto a for m alde n̄ition
ofcontinuity in te rm soflim its.

8.You'llne edto use your \m ind'se ye," notyour gr a p hing calculator to answ e r this
q uestion! \Isp(x )= sin(x )=x continuousatx = 0? E xp lain.

9.De n̄e a ne w function q as

q(x )=

(
sin(x )=x ; x 6= 0;

1; x = 0:

Isq continuousatx = 1? E xp lain.
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E xa m p leslike thisone have ledm athe m aticiansto de n̄e continuity in te r m soflim its,as
follows:

De n̄ition: (Continuity) A function fissaidto be continuousatthe p ointaif

lim
x ! a

f(x )= f(a):

10.Using thisde n̄ition,e xp lain w hy p(x )isN O T continuousat0butq(x )IS continuous
at0.

LocalLine arity

W e a r e now going to study the gra p h of q(x )closely in a neighborho odof0. Itis
p ossible to use your gra p hing calculator to do this.Howe ve r,we willintroduce you now to
anothe r p ow e rfulsoftwa re toolavailable in the com p ute r labs: De rive.To be gin,m inim ize
your Excelsp re adshe et,the n click on the Mathematics icon,the n on the Derive icon.

O n the toolba r atthe top ofthe window,click on Author the n on Expression.In
the box w hich the n op e nsup ,typ e sin(x)/x,the n click on Simplify.Thise xp r ession
willnow a p p e a r in the m ain window.

Place your cursor ove r the se condicon from the righton the to olba r andcon r̄ m
thatthissele ctsthe \2 -D Plot." The n click on thisicon.A window now op e nsup with
coordinate axe s.A tthe top ofthe toolba r,click on Plot! andthe gr a p h ofthe function
isp lotted.

(N ote : although you e nte r edthe e xp r e ssion sin(x)/x,we can r e ga rdthe gra p h w e
se e asthe gra p h ofq(x )rathe r than p(x ).Thisisbe cause w e couldne ve r actually se e
a hole in the gr a p h w he r e the p oint(0;1)ism issing from the gra p h ofp(x ).)

11.Eithe r sketch or brie °y describe the m ain fe ature softhisgra p h.
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O n the gr a p h you willnotice a crosshairs. Click on the p oint(0;1)to m ove the
cr osshairsto thisp oint.Place your cursor ove r the sixth icon from the le fton the toolbar
andcon r̄ m thatthissele cts\C e nte r on cross." The n click on thaticon.

N ow p lace your cursor ove r the fourth icon from the righton the to olba r andcon r̄ m
thatissele cts\Zoom both in." The n click on thaticon andnotice how the gr ap h change s.
Thisaction cor r e sp ondsto looking atthe gra p h a r oundthe crosshairsasifyou we r e looking
through a m icroscop e .

12 .R e p e atthe p r ocessof \zoom ing in" ove r andove r. (You m ay occasionally ne edto
also m ove the cr osshairsto the p oint(0;1)andre ce nte r the gr ap h on the cr osshairs.)
How doesthe p ortion ofthe gra p h you a r e looking atchange ?

If the gra p h of a function f a p p e a rsm or e andm or e like a line asyou zo om in close r
andclose r to a p oint(a;f(a)),the n fissaidto be locally line a r ata. From your
e xp e rie nce with lines,itwillcom e asno sur p rise thatwe willbe able to de n̄e the slop e
o r instantaneousrate ofchange ofa function ata p ointwhe r e itislocally line a r.

13.W hatdo you think thatthe num e ricalvalue ofthe instantane ousrate ofchange of
q(x )isatthe p oint x = 0? W hy? W hy doesitnotm ake se nse to talk aboutthe
instantane ousrate ofchange ofp(x )at0?
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The Instantane ousR ate ofChange ofq at0

In De rive,sele ctFile Exit from the to olba r andchoose N O w he n p r om p tedto save
changes. The n m axim ize your E xcelwindow andsele ctthe se condworkshe e t,labeled
q0(0).

14.Use thisworkshe etto de cide w he the r or notthe following lim itse xist,andifthe y
e xist,whattheir valuesa r e.(You do notne edto addadditionalcolum nsthistim e .)

lim
¢ x ! 0¡

q(0+ ¢ x )¡ q(0)
¢ x

=

lim
¢ x ! 0+

q(0+ ¢ x )¡ q(0)
¢ x

=

15.B asedon these r esults,doesthe following lim ite xist? Ifso,whatisitsvalue ?

lim
¢ x ! 0

q(0+ ¢ x )¡ q(0)
¢ x

=

15.W hy isthisa se nsible way to de n̄e q0(0),the instantane ousrate ofchange ofq at0?
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Pr e p a ring Your Lab R e p o rt

A sbe for e,your r e p o rtshouldconsistof a cove r p age with the title of the r e p o rt
andthe nam esandsignatur esofyour lab gr oup m e m be rs.Ple ase also w rite your lab
se ction day andtim e.E ach p e rson (in a group ofthre e )shoulddraftone ofthe thr e e
p a rts,andthe group shouldm e etbe fo re the ne xtlab m e eting to re adandcom m e nton
these draftsbe for e subm itting the n̄alre p ort. Sm alle r gr oup sshoulddivide the work
e q ually am ong the m se lves.

Part1

R e adve ry ca r e fully the de n̄itionsfor the lim itofp(x )asx ! 0¡,asx ! 0+ andas
x ! 0.How wouldyou m odify these de n̄itionsto de n̄e the lim itofsom e othe r function
f asx ! a¡,asx ! a+ andasx ! a,whe r e aissom e sp e cīc value ? Stay asclose to
the originalde n̄itionsasp ossible,changing only w hatisabsolutely ne cessary.

Part2

Ca r e fully e xp lain why p(x )isnotcontinuousat0butq(x )iscontinuousthe r e .R e fe r to
the de n̄ition ofcontinuity give n in thislab aswe llasthe num e ricale vide nce you colle cted
andyour gr a p hicalintuition.

Part3

W hy isthe de n̄ition ofq0(0)give n in thislab r e asonable ? Discussthe gra p hicaland
num e ricale vide nce you have thatq0(0)= 0.


