
Math 110 Lab 4: A nalyzing the S-I-R ModelofDise ase Fall2 000

Introduction
T he goaloftoday'slab ise xp lo r e the S-I-R ModelofDise ase by using MicrosoftE xcelasa to ol
w hich can rap idly im p le m e ntE ule r'sMethodto n̄dap p roxim ate solutionsto variousinitialvalue
p roble m s.

x1.The SIR m odelandthe thr e sholdvalue

S 0(t) = ¡aS (t)I (t)+ cR(t); S (t0)= S 0
I 0(t) = aS (t)I (t)¡ bI (t); I (t0)= I 0I
R0(t) = bI (t)¡ cR(t); R(t0)= R0

1.W he n an illnessp assesthrough a p op ulation,itissaidto be an e pide m ic aslong asthe size
ofthe infe ctedp op ulation isincre asing,thatisto say,w he n m o r e p e o p le ar e getting sick e ach
day than ar e r e cove ring.O nce the num be r ofr e cove riese ach day e xce edsthe num be r ofne w
casesofthe illness,the dise ase isno longe r conside redan e p ide m ic.The illnesshaspeaked
w he n the num be r ofinfe ctedp e rsonsisgre atest.B efo r e itsp e ak,a dise ase isconside redan
e p ide m ic; afte r the p e ak,itisno longe r thoughtofasan e p ide m ic.Itisp ossible for a dise ase
to avoiddete ction untilafte r itsp e ak hasp assed.

(a)Go to H:n Math Courses n Math110 n Wk05F00Lab.xls andop e n the l̄e.O p e n the
E ule r'sMethodtable on the she etlabeledSIR Model and Euler's Table. You will
n̄dan initialvalue p roble m w hich re p r e se ntsour basic SIR Model.Make the table large
e nough so thatitcove rsthe r̄st100 daysofthe e p ide m ic.The value fo r ¢ t isgive n
as1.O nce you have p roducedthe E ule r'stable,che ck outthe gra p h on the she etTime
versus S, I and R.

(b) W hethe r a dise ase hasan e p ide m ic stage o r notde p e ndson a num be r ofthings,including
how infe ctiousthe dise ase isandhow q uickly an infe ctedp e rson r e cove rs.In fact,w e
show edin classthatw hethe r a dise ase hasan e p ide m ic stage isco m p letely de p e nde nton
w hethe r the num be r ofsusce p tiblesisabove a p a rticular thresholdvalue.Thisthreshold
value isgive n by the ratio ofthe two p ara m e te rsaandbin the standardSIR m odel.

S thre sh old = b=a

W hatisthe thresholdvalue fo r the m odelusedin the sp r e adshe et?

(c)O bse rve how the grap hschange w he n you change the value of S 0 from 45400 to 15000
to 7 500 andthe n to 5000. W hatdo the grap hslo ok like w he n S 0 ise xactly e q ualto
S thre sh old? For w hich valuesofS 0 doesone se e a \p e ak" in the infe cteds?

1



(d)R eturn S 0 to 45400.Sup p ose a q uarantine isim p le m e ntedw hich resultsin the transm is-
sion co e±cie ntbeing reducedby a facto r of10,fro m the originalvalue.W hatchange do
you e xp e ctin the grap hsofS (t);I(t);R(t)ve rsust? Im p le m e ntthe change in the m odel
solvedin the sp r e adshe et.Do the com p utedresultsm atch your e xp e ctations?

(e) Sup p ose the B ackstre etB oys,B ritne y Sp e a rs,N *SYN C,Macy Gray andLim p Bizkit
give a jointconce rtso thatthe transm ission co e±cie ntincre asesby a factor of2 0.W hat
ha p p e nsto the solution grap hs? Do you belie ve these r e sults? How w ouldyou im p rove
the m ? (You p robably shouldchange the table to justco m p ute 50daysofthe e p ide m ic
inste adof100| don'tforgetto change the Source Data in the Data R ange Tab on the
grap h also.)

(f)Thanksto m edicaladvancesin re ce ntye ars,the r e a r e two ne w drugson the m a rket,one
ofw hich can r educe the duration ofthe dise ase from 14daysto 7 days,andthe othe r
(m uch m o r e e xp e nsive)can r educe the duration ofthe dise ase to a m e r e 2 4hours.How
do the solution curveschange in e ach case ?

(g)N otice thatthe S-I-R m odelasw ritte n in thislab hasa thirdp a ram ete r,c,know n as
the im m unity lossparam e te r.T hisre p r e se ntswhatwouldhap p e n ifp e op le w ho r e cove r
fro m the dise ase losttheir im m unity from r e-infe ction afte r 1=c days.How do you think
thisa®e ctsthe solution ge ne ratedby E xcel? R un the sp r e adshe etwith 5di®e re ntvalues
ofc,fro m c = :01;:1;1and10.(N ote w hathap p e nsto the R e cove r edp op ulation ove r
tim e.Doesthism ake se nse ? W hatdo you have to do to \ x̄" the situation?)
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x2 .Prop o rtionality ofPointwise E ule r'sE r r o r to Ste p size
In thisse ction ofthe lab w e w antto investigate how the e r ro r in E ule r'sMethodvarieswith
the size of¢ t.W e willdo so by calculating the num be r ofsusce p tiblesafte r 2 0days,S (2 0)
andthe n changing the sign of¢ t andco m p uting the value ofS (0).So,we willgo forw a rdin
tim e 2 0=¢ tste p s,andthe n back again the sam e num be r ofste p s.

2 .W e willdo our calculation with a= :00001;1=b= 14;c = 0;S 0 = 45400;I 0 = 42 00;R0 = 400

Com p lete the following table

¢ t S (2 0) S (0) S (0)¡ S 0
S (0)¡ S 0

¢ t

0.01

0.1

0.2 5

0.5

1.0

2 .0

4.0

In the table S (2 0)andS (0)are the com p utedvaluesofthe susce p tiblesafte r t= 0andt= 2 0,
resp e ctively. In orde r to obtain S (2 0)go to the SIR Modelsp re adshe et,typ e in the r̄st
value of¢ t= 0:01andcop y the cellsfar e nough untilyou can re ado®a value fo r S (2 0)which
you can w rite in the blank sp ace in the table on thisp age.

In o rde r to n̄dan estim ate for S (0)you have to change ¢ tto be -0.01,andcop y cellsuntil
you a r e able to r e ado® a value fo r S (0).(B e ca r e ful! O n w hich line ofthe sp r e adshe etshould
your r̄stne gative value of¢ t= ¡0:01ap p e a r? T he t= 2 0:00line ? T he t= 2 0:01line ? T he
t= 19:9 9 line ?)

You the n r e p e atthisp ro cedure for the give n valuesof¢ tin the table on thisp age,andyou
can sele cttwo othe r valuesof¢ tto try outalso.W he n you change your value of¢ t also take
a lo ok atthe gra p h ofthe solutions.To change the Source Data,justright-click on the gra p h
itself,andthe n selecte xactly w hich cellsyou w antto be grap hed.(You willhave to up date
thisifyou w antto be consiste ntly lo oking at2 0daysofdata).

To com p lete the r e stofthe table,esp e cially the S (0)¡ S 0 andS (0)¡S 0
¢ t calculations,you m ay

n̄dite asy to have E xcelcalculate the m .N ote thatS (0)¡ S 0isthe w hatw e callthe pointwise
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E ule r'sMethode rror,or the e r ro r in ap p roxim ation to S (t)ata p articular p oint,andw e ar e
trying to show thatthise r ro r isdire ctly p rop o rtionalto ¢ t.

Pr e p aring Your Lab R e p o rt

Your r e p o rtshouldconsistof a cove r p age with the title of the r e p o rtandthe na m e sand
signaturesof your lab group m e m be rs. A lso indicate your Lab Se ction,Lab Tim e and
Instructor,e.g. Se ction 2 : T hursday 8:30 am (B uckm ire ). E ach p e rson (in a group of thre e )
shouldcom p lete a r̄stdraftof one of the thre e p a rts,andthe group shouldm e etto re adand
discussthese draftsbe fo r e subm itting the n̄alre p o rt.The n̄alre p o rtisDUE IN N E X T W E E K 'S
LA B.Grading willbe C redit/N o C reditwith,how eve r,a high standardfor r e ceiving credit.Ifyou
do notinitially re ceive cr edityou willhave one w e e k to r e vise the r e p o rtto co r r e ctany p roble m s
with it.Ifyou have q uestionsw hethe r your draftwilllikely re ceive C redit,you shouldvisityour
instructor in o±ce hoursandhave your draftlab re p o rtevaluated.

You willne edto re fe r to your E xcelw orkshe etsfo r thislab to answe r these q uestions.

Part1

State the initialvalue p roble m you w orkedon in thislab.E xp lain the signīcance ande®ect
ofthe p a ra m ete rson the m odel. W he n didyou se e a \p e ak" in the I(t)grap h? W he n didyou
se e a p e ak in the R(t)gra p h? E xp lain w hy these p e aksoccur andwhatthe y m e an in te rm sof
the m odelofthe dise ase. W hich p ara m e te rsin the initialvalue p roble m do esthe solution se e m
the m ostsensitive to? (In othe r w ords,relatively sm allchangesp roduce signīcantchangesin the
ap p e a rance ofthe solution curves).

Part2

A syou changedyour ¢ t you p roducedsuccessive a p p roxim ationsofthe solution curvesS (t),
I(t)andR(t).W hatvaluesof¢ t p roduced\sm o oth" gra p hs? W hich valuesp roduced\chop p y"
r e sults? W hatothe r inform ation from the gra p hsle adsyou to belie ve thatusing E ule r'sMethod
with sm alle r valuesof¢ tisp re fe r r ed?

Part3

Produce a grap h w hich illustratesthe dire ctp rop o rtionality relationship betw e e n the e r ro r E u-
le r'sMethodm akesin ap p roxim ating the solution function S (t)andthe value of¢ t usedin e ach
calculation.A r e you able to dete r m ine the e xactvalue ofthe constantofp rop o rtionality? W hy or
w hy not?
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