
Math 110 Lab 7 : N e w Functionsfr om O ld,Part1 Fall2 000

T hislab willlook atsom e w aysthatyou can cr e ate ne w functionsoutofoldone s.
In the p r oce ss,we willobtain som e r e sultsthatwillbe use fulto usasw e w ork with
de rivatives.

The N atur alLogarithm Function

Conside r the function

F (a;x )=
ax ¡ 1

x
; a> 0; ¡1 < x < +1:

T hisfunction actually hasT W O inp uta rgum e nts.aandx .B y taking the lim itofthis
function as x ! 0,w e willobtain a ne w function w hich isa function ofaonly. This
ne w function willbe the natur alloga rithm function. In fact,we willtake thisasthe
DEFIN ITIO N ofthe naturalloga rithm function!

De n̄ition: T he natur alloga rithm function,ln(a)isDEFIN ED as

ln(a):= lim
x ! 0

ax ¡ 1
x

; a> 0:

1.Thisde n̄ition de p e ndson the factthatgive n a value ofa> 0,the function w hose
for m ula is

y=
ax ¡ 1

x
hasa lim itas x ! 0. To obtain e vide nce for this,m odify the r̄stWk08F00Lab
workshe e tin E xcelto e stim ate these lim itsfor the valuesofalistedbelow. (The
workshe e tisalr e ady setup for a= 0:5.)

a: 0.5 2 3

lim x ! 0 F (a;x ):

2 .You willnotice thatsom e ofthese lim itsar e lessthan 1andothe rsa r e gr e ate r than
1.B y trialande rr o r with E xcel,try to n̄da value ofasuch thatlim x ! 0F (a;x )= 1.
R e cordyour bestresultbelow.Do you belie ve thatsuch a value e xists?
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De n̄ition: T he constante isde n̄edto be thatvalue ofthe base afor w hich ln(a)= 1.
In othe r w ords,e isde n̄edim plicitly by the p rop e rty

ln(e)= lim
x ! 0

e x ¡ 1
x

= 1:

For valuesof x close to 0,

e x ¡ 1
x

¼ 1 so e x ¡ 1¼ x and e ¼ (1+ x )1=x :

T hisap p roxim ation \be com ese xact" in the lim itasx ! 0,giving usan e xplicitform ula
for e :

e = lim
x ! 0

(1+ x )1=x :

3.Use the se condWk08F00Lab workshe etin E xcelto estim ate e using thislim it.R e cord
your bestestim ate below.The n take the estim ate you foundanduse itfor ain the
r̄stworkshe etto con r̄ m thatln(e)= 1.

The De rivative ofan Exp one ntialFunction

4.The r esultsw e have justobtainedconce rning the naturalloga rithm function a r e use ful
in dete rm ining a form ula for the de rivative ofan e xp one ntialfunction.In the sp ace
to the rightofthe de rivation be low,give a r e ason for e ach ste p .

Letf(x )= ax ,whe r e a> 0 isa constantbase.The n

f0(x )= lim
h! 0

f(x + h)¡ f(x )
h

= lim
h! 0

ax +h ¡ax

h

= lim
h! 0

ax ¢(ah ¡ 1)
h

= ax ¢lim
h! 0

ah ¡ 1
h

= ax ¢ln(a):

5.Use thisresultto dete rm ine the de rivative ofg(x )= e x .
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Com p osing a Function with a Line a r Function

A com m on w ay to cre ate a ne w function from oldonesiscom position.Ifw e com p ose
a function f(y)with a line a r function y= g(x )= mx + b,we ge ta ne w function

h(x )= f(g(x ))= f(mx + b):

T he p urp ose ofthisp a rtofthe lab isto gain som e insightinto the w ay the gra p h ofh is
relatedto the gra p h off.

6 .A nsw e r e ach ofthe following q ue stionsbelow.In e ach case,w e r e com m e ndyou e xp e r-
im e ntby taking f(x )= cos(x )andf(x )= x 2,taking m = ¡1,1=2 and2 ,andtaking
b= ¡2 and2 .Use De rive or your gra p hing calculator. Sup p ortyour answe r with
e vide nce from your e xp e rim e ntsandwith r e asoning abouthow gr ap hsandfunction
com p osition work.

How isthe gra p h ofh(x )= f(mx )relatedto the gr a p h off(x )?

How isthe gra p h ofh(x )= f(x + b)r elatedto the gra p h off(x )?

How isthe gr a p h ofh(x )= f(mx +b)= f(m¢(x + b
m))r elatedto the gr a p h off(x )?
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Furthe r N otes

Pr e p a ring Your Lab R e p o rt

A sbe for e,your r e p o rtshouldconsistofa cove r p age with the title ofthe r e p o rt,the
na m esandsignaturesof your lab gr oup m e m be rs,andthe DA Y andTIME ofyour lab
se ction.E ach p e rson (in a group ofthr e e )shoulddraftone ofthe thr e e p a rts.

Part1

Con r̄ m that

ax bx ¡ 1= (1¡ax )¢(1¡ bx )+ ax ¡ 1+ bx ¡ 1:

T he n use thisr esult,the de n̄ition of the natur alloga rithm function in thislab,and
p rop e rtiesoflim itsto show that

ln(a¢b)= ln(a)+ ln(b):

How doe sthissup p ortthe claim thatthe de n̄ition ofln(x )give n in thislab iscorr e ct?

Part2

State the bestap p r oxim ation to e thatyou foundin thislab,andfully discussthe
a rgum e ntsande vide nce you have thatthisap p r oxim ation isa goodone.

Part3

How isthe gr a p h ofh(x )= f(mx +b)= f(m¢(x + b
m))r elatedto the gr a p h off(x )?

Give e vide nce andr e asoning to sup p ortyour answ e r,andbe sure to conside r allp ossible
valuesfor m andb.


