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A B ST R A C T . In thispaperthe authorsstudy one- and
two-dim ensional color switching problem s by applying
m ethodsranging from linearalgebra to parity argum ents,
invariants, andgenerating functions.T hevariety oftech-
niqueso®ersdi®erentadvantagesforaddressing the exis-
tenceanduniquenessofm inim alsolutions, theircharacter-
izations, andlowerboundson theirlengths.U sefulexam -
plesforreducing problem sto easieronesandforchoosing
toolsbased on sim plicity orgenerality are presented. A
novelapplication ofgenerating functionsprovidesa unify-
ing treatm entofallaspectsoftheproblem sconsidered.

1 Introduction
T hem otivation forthispaperisto illustrateseveralapproachesto solving
colorswitching gam es. A t itsm ostgeneral, a colorswitching gam e isa
one-person gam eplayedon a setoflocations(e.g., squareson a chessboard
orthe verticesofa graph)each coloredblack orwhite, which we callthe
\coloring pattern." T heplayerm akesa m oveby changing thecolorofthe
location ofherchoice.H owever, each location isassociatedwith a setof
neighborsin a predeterm inedway.B y changing thecolorofonelocation,
thecolorsin theassociatedlocationsalsoarechangedautom atically.G iven
initialand¯nalcoloringpatterns, thegam eiswon iftheplayersuccessfully
\m oves" from the onepattern to the other.W ebegin by focusing on the
following twoproblemsfoundin [9](Exercises3.4.25and 3.4.26, p.117)in
a slightly di®erentform.
Problem 1.C onsidera row of2n squarescoloredalternately black and

white.A legalm oveconsistsofchoosing anysetofcontiguoussquares(one
orm ore squareswith no gapsallowed), and inverting theircolors.W hat
isthe m inimum numberofm ovesrequiredto m ake the entirerow ofone
color?
Problem 2. A nswerthe sam e question asabove, except now we start

with a 2m £ 2n checkerboard and a legalm ove consistsofchoosing any
subrectangleandinverting itscolors.
C learly, inProblem 1,nm oveswillwork, forwecan invertthe1stsquare,
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then the 3rdsquare, etc.In Problem 2we can switch alleven numbered
rowsand then allodd numberedcolum nsand thussolve the problem in
m + n m oves.N otonly willweshow thatthese arebestpossiblebutwe
willcompletely characterizealloptim alsolutionstoProblem 2.
W ealso generalizetheseproblemsto linearandrectangularboardswith

arbitrary initialcoloringsandm ovesofboth ¯xedandarbitrary sizes.In
each case, the gam e iswon by attaining one color, say white, throughout
theentireboard.W eare interestedin thefollowingquestions:C an wewin
thegam e? Ifso, whatisthem inim um sizeofa winningsetofm oves? Isa
m inim alwinningset(a winningsetofm inim um length)unique? W hether
ornota m inim alwinning set isunique, isthere a sim ple description ofa
m inim alwinningset, orifnot, istherea simplealgorithm thatwillgenerate
a m inim alwinning set?
The discussion revolvesaround varioususesof linearalgebraic tools,

parity argum ents, invariants, andgenerating functionsin connection with
m odulararithm etic.W e also illustrate theircomparative advantagesand
inherentlim itations.G eneratingfunction basedtechniqueshavebeen used
foranalyzingproblemson checkerboardtilings[3], checker-jum ping [1]and
sum setofmultisets[3], am ong others.Typically, generating functionsare
usedtorestateandsolvea given problem entirely within an algebraicenvi-
ronm ent.In contrast, weusegenerating functionsasan interm ediatestep
in exchanging a given gam eforan equivalentboardgam ewhosesolutions
arealm osttransparent.
W eneedsom eterm inology.T hegam eboardconsistsoflabeledsquares.

W eusenaturallabeling:in thelinearcase, thesquarescan belabeledfrom
1to 2n, andforrectangularboardswe labelthesquaresrow by row.W e
callan assignm entofcolorstothesquaresa coloringpattern.T heblock of
contiguoussquares(in thelinearcase)ortherectangularblock ofsquares
(in the2-dim ensionalcase)usedforinverting colors, wecalltheswitching
pattern.W ereferto a switching pattern by indicating theposition on the
boardoccupiedby itsleftm ostorupperleftcornersquare, respectively, and
by itssizewhen needed.
Forthelinearboardconsisting of2nsquares, wehavethefollowing four

theorem s.
Theorem 1 Suppose the board iscoloredso thatadjacentsquareshave
alternate colors. Ifthe possible m ovesare switching patternsofarbitrary
length, then thegam ecan bewon andthem inim um numberofm ovesneeded
isn.
Theorem 2 Supposetheboardiscoloredasin T heorem 1, andthepossible
m ovesare switchingpatternsof¯xedlength r.T hen the gam e can be won
ifandonly ifrjn, andthe m inim um numberofm ovesneededisn.
Theorem 3 Supposetheboardisarbitrarilycolored.Ifthepossiblem oves
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areofarbitrary length, then thegam ecan alwaysbewon andthem inim um
numberofm ovesneededisequalto the numberofblocksofadjacentblack
squareson theboard.
Theorem 4 Suppose the board is arbitrarily colored and the possible
m ovesare switchingpatternsof¯xedlength r.T hen the gam e can be won
ifandonly iftheparity conditions

X

í a m odr

(ci¡ ci¡1)´0 m od2

are m etforall0· a < r:(H ere c¡1 = 0.) E quivalently, the gam e can be
won ifandonly ifthesums

Sa =
X

í a m odr

ci; 0· a < r;

allhave thesam eparity.
N ote:In T heorems1and3,theobvioussolutionsarem inim alsolutions,

but generally, there willbe otherm inim alsolutionsaswell. T heorem 1
isproved in Section 3, and Theorem 3 can be easily proved in the sam e
fashion.T heorem s2and4can beprovedbya singlevariableversion ofthe
generating function argum entsappliedin Section 4.In both theorem s, the
m inimum solution isuniqueandisobtainedby thegreedy algorithm .
Thefollowing theorem sconcern a gam eboardofsize2m £ 2n.

Theorem 5 Supposetheboardischeckerboardcoloredandthem ovesare
switching patternsofarbitrary sizes. T hen the gam e can be won andthe
m inim um numberofm ovesneeded ism + n. A m inim alsolution isob-
tainedbyswitchingthecolorsoftheeven numberedrowsandoddnumbered
colum ns. A llm inim alsolutionscan be completely characterized by their
com m on structure.

Theorem 6 Supposetheboardischeckerboardcoloredandthem ovesare
of¯xedsize s£ t.T hen the gam e can be won ifandonly ifsjm andtjn,
them inim um numberofm ovesneededis2(s+t¡1)st ¢mn, andthesolution is
unique.

Theorem 7 Suppose the board isarbitrarily coloredandthe m ovesare
arbitrarily sized.T hen the gam e can alwaysbe won, there isgenerally no
unique m inim alsolution, and the m inim um numberofm ovesneeded is
boundedaboveby mn+ O

¡
m in(m

p
n;n

p
m)
¢
asm;n! 1:

Theorem 8 Suppose the board isarbitrarily coloredandthe m ovesare
of¯xedsize s£ t. T hen the gam e can be won ifand only ifthe parity
conditions(7)are m et.T hem inim alsolution isunique.
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N ote: W e present two proofsofT heorem 5 in Sections3 and 4.2.
T he characterization ofthe m inim alsolutionsisgiven in Section 4.2. In
T heorem s6 and8, thegreedy algorithm whereonegoesthrough theboard
row by row givesthe m inim alsolution. In Section 4.1we give the proof
forT heorem 8and a sketch forT heorem 6. W e believe thatthere isno
easy way to geta m inim alsolution in thecaseofT heorem 7, whoseproof
isgiven in Section 4.3.

W e discussthe linearalgebraic technique in Section 2. In Section 3,
we exploreparity argum entsandgeneralized invariantsto establish lower
boundson them inimum numberofm ovesforalternatingandcheckerboard
colorings.T hem ostgeneralapproach isbasedon varioususesofgenerating
functionsasexplained in Section 4.In the lastpartofthe paperwe list
furtherresults.

2 L inearalgebraicapproach

T he problemshave a °avorsim ilarto that ofgam eslike M erlin'sm agic
squares([6]-[8]). T hey can be expressed in term sof0-1problems, and
often they areanalyzedandsolvedby linearalgebraictechniques.In these
gam es, it iscom m on to have a simple association between the N squares
ofthe board and the M potentialm oves.W e dē ne two N dim ensional
vectors, c1 forthestarting andc2 forthe targetcoloring.T he m ain idea
isthatan arbitrarily coloredboardwith N squarescan berepresentedby
an N -dim ensional0-1vectorwhere1standsfora black squarewhile0for
a white one. T he potentialm ovescan be describedby m atrixAofsize
N £ M with 0-1entriesby setting aij= 1ifusing thejth potentialm ove
switchesthevalueatposition i, and0otherwise.
C learly, every m oveshouldbeusedonly onceornotatall, andtheorder

ofthem ovesisirrelevant.T hisisa com m on featureofadditivegam eswith
objectsthatalternatestates[8].W ecan describetheseriesofm ovesby a
setof0-1coordinates:1ifthepotentialm ove isappliedand0otherwise.
T hecorresponding vectorofactualm oveswillbedenotedby x:T herefore,
wecan ¯ndthesolution to any problem getting from coloring c1 to c2by
solving

c2´ c1+Axm od2: (1)

N otethatthesam esolution willtakeusfrom c2to c1.In m any situations
wehave M = N .Forinstance, forM erlin'sgam e we getM = N = 9.In
thiscase, thenecessary andsu± cientcondition forsolving theproblem of
getting from any c1 to any c2by applying m atrixAisthatAbeinvertible
m od2.
Forexample, in T heorem 8, forthe board ofsize 2m £ 2n with ¯xed

rectangularswitching pattern ofsizes£ t, we note thattheproblem can
bereducedto a truncatedversion oftheboardconsisting oftheupperleft
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handportion ofsizeN =
¡
2m ¡ (s¡ 1)

¢
£
¡
2n¡ (t¡ 1)

¢
.Forthem om ent

we only care about how the m ovesa®ect thisportion ofthe board. B y
labeling thesquaresrow byrow anddē ningthejth potentialm oveasthe
switching pattern positioned atthe jth square, we geta lowertriangular
m atrixwith oneson thediagonal.T hisfactguaranteesa uniquesolutionon
the truncatedboardwhich uniquely extendsto the original.Ifitm atches
the originalcoloring then we have the solution. T he truncated version
forcesconditionson theentireboardcapturedbyparity restrictionswhich
we willderive in Section 4.N ote thatthe numberofonesin thesolution
vectorxgivesusthenumberofm ovesused.
Particularsolutionsto the gam esandsom etim eseven theiruniqueness

can be derived by thistechnique, e.g., in the casesofTheorem s6 and
8, although without m uch insight into the size ofthe m inim alsolution.
O nelim itation tothelinearalgebraicrestatem entisthatthe2-dim ensional
structureoftheoriginalproblem isreducedto a linearonewhich doesnot
re°ect adjacency. A notherconcern isthat while setting the problem in
m atrixform seem sfairly easy when thereisa uniquem oveassociatedwith
every position, itbecom esm orecom plicatedwhen M islargerthan N :
W e note that L ov¶asz [5, Exercise 5.17] discussescolorswitching gam es

in graphswith N vertices.In thiscaseAcan besettobea sym m etric0-1
m atrixofsize N £ N with allonesin itsdiagonal.Itisproven thatthere
isalwaysa solution to equation (1)with c1 andc2being the allzero and
allonevectors, respectively (cf.[4] and[2]).

3 Parity argum entsand invariants

Ifweareasking questionsregarding existenceornon-existence, parity and
invariancem ay¯rstcom etom ind.T heconditionsalludedtointheprevious
exam plewith ¯xedsizeswitchingpatternsareequivalentto a setofparity
conditions. L ateron we willsee how the parity conditionsfallout asa
by-productofthegenerating function approach.Forswitchingpatternsof
arbitrary sizes, parity argum entsdo notseem to help.O fcourse, forthese
problem sexistence isnotan issue.Even m ore, a greedy approach provides
a directsolution.T hequestion iswhetherthisisbestpossible in thesense
that itrequiresthe m inim um numberofm oves.O ne m ightsuspectthat
paritybasedinvariantsm aynotadvanceoure®ortstoanswerthisquestion.
Fortunately, a slightgeneralization ofthe conceptofinvariance com esto
therescue.
W e consideran invariantto be an aspectofa given problem {usually a

num ericalquantity{thatdoesnotchange, even ifm any otherpropertiesdo
change(cf.[9]).O n theotherhand, a pseudo-invariantisa quantity which
m ay orm ay notchangeateach stepofa problem butwhen itdoeschange,
itdoesso in a lim itedway.
ForProblem 1, by settingci= 1ifsquare i isblack and0otherwise, we
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usethefollowingpseudo-invariant.L et

g(c1;c2;:::;cN )=
N ¡1X

i=1

jci¡ ci+1j (2)

which changesonly by -2, -1, 0, 1, or2forany legalm ove.In Problem 1
wehaveN = 2n andnotethattheinitialvalueofg is2n¡1.Itshowsthat
ittakesatleastn m ovesto reach 0.
W enow show thatProblem 2reducestoProblem 1, andthatthechecker-

boardcoloring ofa 2m £ 2nboardwith theupperlefthandcornercolored
black, andwith arbitrary switching patternsneedsatleastm + n m oves.
T he prooffollowsfrom Problem 1once we ¯nd a \linearizable obstacle"
thatislong enough.T hiswillalso work form any \mutilatedboards" de-
rivedfrom a checkerboard.A su± cientcondition forthislowerbound is
thattherem ainingboardhasa particularsubsetofsquarescalleda \N W -
SE snake." W e calla sequence ofcontiguoussquaresa \N W -SE snake" if
itstartsandendsattheN W andSE cornersrespectively, andalwaysgoes
from N orth to South andfrom W estto East. Ifa boardhasa \N W -SE
snake" then reduction toProblem 1works.A sa m atteroffact, wehavea
structurewith N = 2n+2m ¡1squares.N oticethatanyrectangularcolor
switchingpattern willonly changeneighboringsquaresofthesnake.Func-
tion ghasthe initialvalue2n+ 2m ¡ 2andthegam eendswith thevalue
0, so while itinitially appearsthatwe needn+ m ¡ 1m oveswe actually
needonem ore, fora black endrequiresa colorswitch thatdecreasesgby
atm ost1.A sim ilarargum entcan beusedtoobtain a lowerboundon the
m inimum numberofm ovesforan arbitrarily coloredmutilatedboardby
¯nding a N W -SE snakeofm axim um length which hasa black squareon at
leastoneend.

4 G enerating functions

In thissection, ourstrategy isto usegenerating functionsto translateour
gam esinto an algebraicdescription.W edeveloptwo equations(5)and(6)
forarbitrary and¯xedsizeswitchingpatterns, respectively.Forarbitrarily
sizedswitchingpatterns, wereinterprettheresultasanothersim ilargam e
through which wem ay gain som e insightinto the¯rstgam e.A lltheorem s
ofthispapercan beproven by thistechnique.

A coloringpattern(orcoloring)ofa 2m £2ngam eboardisa (0;1)m atrix
C = [cij]0·i<2m

0·j<2n
wherecij= 1ifandonly ifthesquareatposition (i;j)is

coloredblack.Itsgenerating function is

© C (x;y)=
X

cijxiyj:
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(Forconvenience, we specify thatcij = 0outside ofthe gam e board, un-
lessotherwise indicated.) Forexample, thecheckerboardcoloring with the
upperleft-handsquarecoloredblack hasgenerating function

© C (x;y)=
X

i<2m;j<2n
i+j even

xiyj= (1+xy)
µ
1¡ x2m

1¡ x2

¶ µ
1¡ y2n

1¡ y2

¶
: (3)

Solving a coloring C = [cij], i.e., ¯nding a sequence ofrectangularm oves
thattakesusbetween C andthe allwhite board isequivalentto ¯nding
valuesforthecoe± cientsm klstthatsolvethepolynom ialequation

X
m klstxkyl

µ
1¡ xs

1¡ x

¶ µ
1¡ yt

1¡ y

¶
´
X

cijxiyj (4)

wherethe indicesin thesum on theleftarerestrictedto0· k< 2m;0·
l< 2n;0< s· 2m ¡ k and0< t· 2m ¡ l.(T hiscongruence and all
othersare understoodto be m odulus2, unlessotherwise indicated.A sa
consequence, we can freely change the sign ofany additive term s.) T hen
m klst= 1ifandonlyifthem oveofsizes£twithupperleftcorneroccupying
position (k;l)on thegam eboardisincludedin thewinning sequence.
Ifwe multiply both sidesofequation (4)by (1¡ x)(1¡ y)andcollect

equalpowersofxandyon theright, wegettheequivalentequation

X
m klstxkyl(1¡ xs)(1¡ yt)´

X

0·i·2m
0·j·2n

xiyj
£
cij¡ ci;j¡1¡ ci¡1;j+ci¡1;j¡1

¤
;

(5)
which willleadto a new gam ediscussedin Sections4.2and4.3.

M oreover, Section 4.1willem ploy theresultthat, ifthesizeofthem oves
perm itted in the originalgam e is¯xed, then m klst = m klwith 0· k ·
2m ¡ sand0· l· 2n¡ t, and we can form ally multiply both sidesof
(4)by the factor

¡ 1¡x
1¡xs

¢¡1¡y
1¡yt

¢
, expandthe denom inatorsinto geom etric

series, andcollectequalpowersofxandyon therightto get

X
m klxkyl´

X

ķ 0
ļ 0

xkyl
h X

i·k;í kmods
j·l;j́ lm odt

¡
cij¡ ci;j¡1¡ ci¡1;j+ ci¡1;j¡1

¢i
:(6)

Equations(5)and(6)yielda surprisingly diversearray ofconsequencesfor
the originalgam e, severalofwhich we willnow explore in the nextthree
subsections.
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4.1 W hen theperm issiblem ovesare¯xed in size
Equation (6)applieswhen the m ovesperm itted in ourgam e are ¯xed in
size. O n the leftside of(6)the indicesrange over0· k · 2m ¡ sand
0· l· 2n¡ t. C onsequently, a solution existsifandonly ifthe parity
conditions

X

i·k;í km ods
j·l;j́ lm odt

¡
cij¡ ci;j¡1¡ ci¡1;j+ ci¡1;j¡1

¢
´0 (7)

are m etforallk andlwith k > 2m ¡ sorl> 2n¡ t.Furtherm ore, the
solution mustbeunique, andisspeci¯edpreciselybythecoe± cientsofxkyl
in therighthandsum of(6).B ecausecij = 0outsideofthe gam eboard,
thisseem ingly in¯nite set ofconditionscan be narrowed to those where
k· 2m andl· 2n, which aretheparity conditionsprom isedin Section 2.

W hen we apply the above to the checkerboardcoloring (3), the parity
conditionscan beshown to im ply thata solution existsifandonly ifsjm
andtjn.M oreover, in Z2, therightsideof(6)sim pli¯esto

X

ij

x2siy2tj
·
1+ xsyt+ (1+xs)

µ X

1·k·t¡1
yk
¶
+ (1+ yt)

µ X

1·l·s¡1
xl
¶ ¸

wheretheoutsidesum istaken over0· i< m
s and0· j< n

t.B ycounting
m onom ials, we conclude that the unique winning sequence ofm inimum
length requiresexactly 2(s+t¡1)

st ¢mn m oves.

4.2 W hen theperm issiblem ovesvary in size:thecheckerboard
coloring pattern
W e apply equation (5)when the m ovesperm ittedcan be ofany size.In
thecaseofthecheckerboardcoloring (3), equation (5)sim pli¯esto

X
m klstxkyl(1¡ xs)(1¡ yt)´

´ 1+ x2m y2n+(1+x2m )
µ X

1·i·2m¡1
xi
¶
+ (1+ y2n)

µ X

1·j·2n¡1
yj
¶
:

(8)
W e can interpretthisequation asa new gam eplayedon a gam eboardof
size (2m + 1)£ (2n+ 1). A ccording to the right handside, the squares
on theborderarecoloredblack exceptforthesquaresatpositions(2m;0)
and (0;2n), which are white aswellasallofthe interiorsquares. B y
reinterpretingthelefthandsum of(8), them ovesare\cornermoves" where
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the colorsoffoursquaresareswitchedperm ove, nam ely thoseoccupying
positions(k;l);(k;l+ t);(k+ s;l)and(k+s;l+ t).

N ow, thereisa sim plesolutiontotheoriginalcheckerboardgam e, already
m entionedin T heorem 5, consistingofm +nm oves.W ecan easilyseefrom
ournew gam e that thisisa m inim alsolution, forournew coloring has
exactly4m +4m ¡2blacksquares, which willrequireatleastd4m+4n¡24 e=
m + n cornerm oves.
Furtherm ore, wecan characterizeallm inim alsolutions.G iven any solu-

tion consistingofm +ncornerm oves, atleastm +n¡2ofthesem ovesmust
accountforfoureach ofthe4m +4n¡2blacksquares.T heblacksquaresat
positions(0;0)and(2m;2n)mustbedividedbetween thelasttwo m oves;
forotherwise, ifoneofthem ovesaccountsforboth blacksquares, andthus
changesthecolorsofthesquaresat(0;2n)and(2m;0)from whitetoblack,
then the othermustperform the impossible task ofrestoring the original
colorsat(0;2n)and(2m;0)whileallowingthecolorsat(0;0)and(2m;2n)
to rem ain unchanged.T he lasttwo m ovesmustthen accountforexactly
threeeach oftherem ainingblack squares, andthussharea com m on white
square. Ifthe com m on square isa cornerwhite square then each ofthe
m +n cornerm oves(includingthelasttwo)iscomposedofbordersquares,
and in the originalgam e, correspondsto a rectangularm ove thatspans
the boardeitherhorizontally orvertically. Ifthe sharedsquare isin the
interioroftheboard, say at(k;l), then the lasttwo m ovescorrespondto
two rectangularm ovesin theoriginalgam e, the one with cornersat(0;0)
and(k¡ 1;l¡ 1), theotherwith cornersat(k;l)and(2m ¡ 1;2n¡ 1).

4.3 W hen theperm issiblem ovesvary in size:arbitrary coloring
patterns
O nem ightsuspectthatoncerestrictionsareliftedon thevarietyofcoloring
patternsconsidered and on the sizesofthe rectangularm ovesused, the
generalitywouldprecludeanythingofrealinterestfrom beingsaid.C learly,
any coloring on a 2m £ 2n gam eboardcan besolvedandrequiresno m ore
than 4mn m oves.B utcan thisupperboundbe im proved? W ereferonce
again to equation (5), and interpret itasa new gam e with cornermoves,
asdescribedin theprevioussubsection.C allthenew coloring C 0andletº
bethe numberofblack squaresin C 0.N ow clearly, a m inim alsolution to
thenew gam ewith coloring C 0musthavelength atleast 14º.O n theother
hand, wenow describea winningstrategyforC 0thatrequiresnom orethan
1
2ºm oves.F irst, notethatthem ultiplication of(4)by (1¡ x)and(1¡ y)
guaranteesan even numberofblack squaresin each row andeach colum n
ofC 0.D ivideintopairstheblacksquaresin each row exceptthelast.T hen
to each pair, apply the cornerm ove consisting oftwo squaresto account
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forthepairandtheothertwo squaresappliedto the lastrow.T heblack
squaresin thelastrow willbehandledautom atically.W econcludethatl,
thelength ofa m inim alsolution forC , hasthesam eorderofm agnitudeas
º, because 14º· l· 1

2º.

Ifº islarge, forinstance ofthe orderofmn, then the upperboundon
lcan be tightenedby creating a two phase winning strategy forthe new
gam e with coloring C 0.L etS be a m axim alsetofdisjointcornerm oves
thateach accountforfourblack squaresin coloring C 0.C learly jSj· 1

4º.
W e play the m ovesin S.N ext, let C " = [ckl"] be the new con¯guration
consisting oftherem aining black squaresin C 0unaccountedforby S.C "
inheritsfrom C 0theproperty thateach ofitsrowsandcolum nscontainsan
evennumberofblacksquares.Furtherm ore, C " hasthedelim itingproperty
thatany twoofitscolum nsmustcontain atm ostonepairofblack squares
occupying the sam e row. W e use thisproperty to bound the numberof
blacksquaresin C ".Partition thecolum nsofC " asevenly aspossibleinto
q= b2n+1bpmccsubsets, sothateach containsnom orethanb

p
mc+1colum ns.

T he black squaresin each ofthe subsetscan be dividedbetween setsT1
containing each oftheblack squaresthatsharesitsrow with anotherblack
square in thesubset, andT2containing therem ainingblack squaresin the
subset.B y thedelim iting property ofC " no pairofcolum nscan contain
m ore than one pairofblack squaresfrom T1 in the sam e row, and thus
jT1j· 2

¡bpmc+1
2

¢
.C learly, jT2j· 2m + 1sinceeach row containsatm ost

onesquarefrom T2.T hus, an upperboundon thenumberofblacksquares
in C " is

q
µ
2
µbpmc+1

2

¶
+2m +1

¶
= b2n+ 1bpmcc

µ
2
µbpmc+1

2

¶
+2m +1

¶

· K n
p
m

forsom e constantK thatservesforallm andn.In fact, we can choose
K = 15:W e combine thisargum entwith thesam eargum enton therows
ofC " to ¯ndthat15m in(m

p
n;n

p
m)isan upperboundon the number

ofblack squaresin C " forallm andn.T hen, applying theargum entused
in thepreviousparagraph, wewin C " in nom orethan 15

2 m in(m
p
n;n

p
m)

additionalm oves. T hus, we also have the inequality 1
4º · l· 1

4º+
15
2 m in(m

p
n;n

p
m);i.e., l= 1

4º+ O
¡
m in(m

p
n;n

p
m)
¢
.N ow T heorem 7

follows.Foranycoloringpattern C ,sinceº· m in
¡
2m(2n+1);2n(2m+1)

¢
,

weconcludethatl· mn+ O
¡
m in(m

p
n;n

p
m)
¢
asm;n! 1.

F inally, the inequality isin som e sense bestpossible, forby beginning
with an entirely black pattern forC 0exceptforthe lastrow andcolum n,
and tracing back to the corresponding coloring forC , one can ¯nd that
the2m £ 2n gam ebeginning with coloring C = [cij] dē nedby cij = 1if
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andonly ifiandjareboth even, requiresexactly mn m ovesfora m inim al
solution.

5 C onclusion
In thissection we state som e resultsthathighlight the versatility ofthe
techniquespresentedin thispaper, andsuggestfurtherdirectionsthatthe
readerm ay wish to pursue. T heorem s9 and 11 follow directly by the
techniquesused in Sections4.3 and4.2, respectively, and are leftforthe
readerasexercises. R oughly speaking, forboard coloringsgeneratedby
tiles, the formerone bridgesthe gap between Theorem s5 and 7by the
degree ofcomplexity imposed on the tiles. In fact, T heorem 9 extends
T heorem 5tocoloringsdē nedbysimpletiles, anditrē nesT heorem 7by
allowing complex tiles.T heorem 10relieson a m ore extensive argum ent
rootedin Section 4.1.W ewillpresenttheproofin a forthcom ingpaper.

Theorem 9 L etM = [m ij] be a (0;1)m atrixofsize s£ t.Forany m
andn with sjm andtjn letC mn be a 2m £ 2n m atrixconsisting of2ms ¢2nt
blockcopiesofm atrixM , andinterpretC m n asa coloringcon¯guration in
a gam e ofsize2m £ 2n, where the m ovesare arbitrarily sizedrectangular
patterns.
(i)Ifthe m atrixM hastheproperty thateach row ofM iseitherequalto
orthe binary complementofthe ¯rstrow, then the numberofm ovesin a
m inim alsolution forC m n isasymptoticto c

s¢m + d
t¢n asm;n! 1 , where

c= jfijm i;0+ m i+1;0´ 1m od2;0· i< sgj

and
d= jfjjm0;j+ m0;j+1´ 1mod2;0· j< tgj

arethenumberofcolorswitchesin allrowsandcolum nsofM ;respectively.
(ii) O therwise, the numberof m oves in a m inim alsolution for C m n is
asymptotic to k

st¢mn asm;n! 1 , where

k= jf(i;j)jm ij+ m i;j+1+ m i+1;j+ m i+1;j+1´ 1m od2;0· i< s;
0· j< tgj:

H ere we letm sj= m0j;m it= m i0andm st= m00:

Theorem 10 Supposetheboardisan arbitrarilycoloredcircularonewith
n squares, and the m ovesare arcsofadjacentsquaresoflength r. L et
g= gcd(n;r)andSa =

P
í am odgci, forall0· a < g.If r

g iseven then
the gam e can be won ifandonly ifSa ´ 0m od2foralla.O n the other
hand, if r

g isoddthen itcan be won ifandonly ifallSa;0· a < g;have
thesam eparity.
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Theorem 11 Ifthe boardisa 2n£ 2n checkerboardandthe m ovesare
arbitrarilysizedsquaresthen a m inim alsolution haslength 4n¡ 2andcan
be easily described.
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