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ABSTRACT

Experimental data on the saturation and decay of a previously described induced scattering instability are presented. The instability is driven
by static background field asymmetries and initially produces a single growing mode (x1, k1). As the instability develops, several harmoni-
cally related (xn ¼ nx1, kn ¼ nk1) eigenmodes of the plasma column grow up, resulting in a spatially localized moving potential perturbation
with d/=T � 20%. After a period of rapid growth, the mode amplitudes saturate and vary slowly for roughly 105 x�1

1 . This quasi-equilibrium
ends with an unusual change in the eigenmode phases, wherein d/ changes from positive to negative. Plasma heating during this period
increases the damping of all modes and rapidly quenches the instability. This instability is of particular interest because the coupling with the
field asymmetry produces an enhanced level of radial transport.

VC 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial-
NoDerivs 4.0 International (CC BY-NC-ND) license (https://creativecommons.org/licenses/by-nc-nd/4.0/). https://doi.org/10.1063/5.0292762

I. INTRODUCTION

Some time ago, Eggleston and Malmberg1 presented experiments
showing an example of an induced scattering instability driven by
static field asymmetries in a pure electron plasma of column length L.
The unstable mode driven was a standing electron plasma wave with
azimuthal and axial wave numbers l ¼ 0 and k ¼ p=L, sometimes
called a Trivelpiece-Gould mode. The size of the asymmetry and the
damping of the mode were varied experimentally, and the identifica-
tion of the instability as an induced scattering type was solidified by
agreement with supporting theoretical work.2,3 Contemporaneous data
on the long-term evolution (saturation and decay) of this instability
when driven by static background asymmetries were presented at a
conference,4 but never published. This paper presents these data.

II. EXPERIMENTAL DEVICE

The experiments were performed on the Malmberg–Penning
trap (denoted V 0) shown schematically in Fig. 1. The device consists of
a long cylinder (wall radius R ¼ 3:05 cm) divided axially into cylinders
of various lengths (here called “rings”) and placed into a uniform axial
magnetic field B � 675G. Two of the rings, labeled S1 and S2, are
divided azimuthally into four equal sectors, denoted A to D. The oper-
ation is standard for a Malmberg-Penning trap.5 Typically, two of the

rings (here G1 and G3) are held at a large negative potential. To start a
cycle, G1 is grounded, allowing electrons from a negatively biased
source to fill the device. Ring G1 is then returned to its negative poten-
tial, thus trapping the electrons between G1 and G3. At a selected time
later, G3 is grounded, allowing the electrons to leave the trap, and the
line-integrated charge is measured by positively biased collectors.
When the radially movable collector is used, a radial density profile
can be constructed from many shots due to the excellent shot-to-shot
reproducibility of these traps. An example of the roughly bell shaped
profile is given in Fig. 11 of Ref. 5. Axial temperature is measured using
the technique detailed in Ref. 6. Typical parameters for these experi-
ments are electron density ne � 7� 106 cm�3, axial temperature
Te � 1 eV, axial magnetic field Bz ¼ 350G, vacuum pressure 10�10

Torr, and plasma lifetime approximately 500ms. The inner distance
between the confinement rings G1 and G3 is 113.7 cm, but the plasma
is slightly compressed by the confinement potentials. We estimate the
column length L to be 108 cm.

III. EXPERIMENTAL RESULTS

As detailed in Ref. 1, it is found that under a broad range of con-
ditions, a plasma mode spontaneously grows after the electrons are
trapped, driven by static background field asymmetries. The evolution
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of the instability can be viewed in two complementary ways. Both
ways use the variation of charge on one of the shorter rings or sectors
(e.g., R1 or S1D) encircling the trapped electrons to measure the unsta-
ble mode amplitude. The ring is connected to an amplifier (gain 20–
40 dB) with an input impedance of 50 or 1000X. The first method
connects the output of this amplifier to a spectrum analyzer set to
zero-scan mode. In this mode, the spectrum analyzer acts as a tuned
filter, giving an output proportional to the logarithm of the signal
amplitude at a selected frequency. The bandwidth of the analyzer is set
to 100 or 300 kHz (to ensure good time response) and the frequency
adjusted to find one of the constituent frequencies of the signal.

An example of a signal obtained using this method is shown in
Fig. 2. In this case, the spectrum analyzer is set to a frequency of
810kHz. The trace marked a shows the unstable mode growing imme-
diately upon the creation of the electron plasma at t¼ 0. For curve b,
we suppress the mode by increasing its damping until the time marked
by the lower arrow, at which time the damping is switched off and the
mode grows. The damping is increased by adding a resistor to ground

on one of the larger rings (e.g., L2). Since the unstable mode is a posi-
tive energy wave, Ohmic loses to this resistor damp the wave. This
damping can be added or removed by switching the resistor’s connec-
tion to the ring with a relay. For curve c, the mode grows as in case a
until the time marked by the upper arrow. At this point, the damping
is increased, and the mode decays.

The second, and more direct, way to view the unstable mode is to
display the wall probe signal on an oscilloscope. This is shown in Fig. 3.
At the center of the figure is the output of the spectrum analyzer (pro-
portional to the logarithm of the signal amplitude at f ¼ 810 kHz) vs
time, showing the full evolution of the unstable mode. At selected times,
we show the oscilloscope traces of a few cycles of the unstable mode. For
each oscilloscope photo, the upper trace shows the raw signal coming
out of the amplifier. For the lower trace, we route the raw signal to an
op-amp integrator circuit (R ¼ 10 kX, C ¼ 1 lF) and display the out-
put. This latter trace is relevant because the raw signal is proportional to
the time derivative of the mode amplitude, so its integral shows the
mode amplitude itself.15 The displayed sequence of oscilloscope traces
shows how the instability starts as a sinusoidal signal but then sharpens
to become a non-sinusoidal localized waveform.16 By simultaneously
observing the signal on more than one ring, we have verified that this
localized waveform propagates back and forth axially along the plasma
column with a speed of approximately 1:7� 108 cm=s. At later times,
this localized waveform inverts and then decays.

Numerical solutions of the linearized drift-kinetic and Poisson’s
equations (see Appendix) give the radial dependence of the eigenmode
potential for each (xn; kn). Summing these and accounting for the
small axial potential variations across the ring electrode allows us to
determine the localized waveform amplitude d/ from the wall probe

FIG. 2. Time evolution of the unstable mode driven by background field asymme-
tries. Curve a: Mode grows immediately upon creation of plasma. Curve b: Mode
remains stable until damping is decreased, and threshold is exceeded. Curve c:
Unstable mode is stabilized by increasing the mode damping. Each curve is from a
single plasma shot. Reproduced with permission from Eggleston and Malmberg,
Phys. Rev. Lett. 59, 1675 (1987). Copyright 1987 American Physical Society.

FIG. 3. The logarithm of the instability amplitude vs time (central plot) together with
selected oscilloscope traces at the times indicated showing how the instability
becomes a localized waveform and then inverts. For each oscilloscope photo, the
upper trace shows the raw signal, and the lower trace shows the output of an op-
amp integrator circuit. The timescale for all photos is 0.5ls/div. Note the voltage
scale changes for the various photos. Starting at the lower left photo and proceed-
ing clockwise, the scale for the upper (lower) trace is 2 mV/div (50 mV/div),
20 mV/div (0.2 V/div), 20 mV/div (0.5 V/div), 20 mV/div (0.5 V/div), 50 mV/div
(1.0 V/div), 0.1 V/div (2.0 V/div), 0.1 V/div (1.0 V/div), and 20mV/div (0.2 V/div).
Times for the photos (in ms) are 1.2, 2.5, 17.5, 21.5, 29.5, 37.0, 42.0, and 44.0.

FIG. 1. Schematic of the experimental device. Electrically isolated cylinders of vari-
ous lengths are arranged on a common axis and immersed in a uniform axial mag-
netic field. Two of the cylinders (marked S1 and S2) are divided azimuthally into
four equal sectors allowing one to detect or apply potentials with azimuthal
variation.
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signals. Using this method, we estimate d/=T � 20% when the insta-
bility is saturated. We note, however, that this calculation assumes the
localized waveform is simply a superposition of linear modes rather
than a nonlinear entity, which may have a different radial dependence.

The sharpening of the oscilloscope traces implies the presence of
higher frequency and wavenumber harmonics in the instability, and this
can be seen clearly in Fig. 4. Here, we display the output of the spectrum
analyzer vs time. The various traces show the output with the spectrum
analyzer set to one of the first eight harmonic frequencies. Initially, only
the first harmonic is above the noise level, but as the first harmonic
grows, we begin to see a second harmonic rise above the noise level, and
so on with the higher harmonics. The sharpening of the oscilloscope
traces demonstrates that these harmonics are in phase.

An alternate way of representing this development is to display
the spectrum of the unstable mode after it is fully developed
(t¼ 14ms). This is shown in Fig. 5. The main plot is generated by
slowly (�100 s) sweeping the spectrum analyzer frequency, sampling
the output at the selected time (14ms) and displaying the result on a
chart recorder. The plot is, thus, constructed from many experimental
cycles and made possible by the excellent shot-to-shot reproducibility.

We assume that the higher harmonic frequencies xn are occur-
ring at higher wavenumbers kn. Although the apparatus does not allow
for a determination of k from a continuous measurement of the mode
potential vs axial position, we can simultaneously view wall probe sig-
nals at various axial positions, noting the relative phases and ampli-
tudes. Such data are in agreement with our assumption. We, thus,
show in the inset of Fig. 5 the resulting experimental dispersion

FIG. 4. The time evolution of the first eight harmonics. The wave signal is the output
of a spectrum analyzer tuned to the various harmonic frequencies.

FIG. 5. Spectrum of the fully developed instability, showing that it consists of har-
monics of the n ¼ 1 mode. Here, the spectrum analyzer bandwidth was 30 kHz.
The inset shows the resulting dispersion relation showing the linear relation typical
of l ¼ 0 plasma modes in a bounded plasma.

FIG. 6. Output of spectrum analyzer tuned to harmonics 1–3 vs time showing deep
amplitude dips.
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relation. Such modes have been identified as l ¼ 0; k ¼ np=L plasma
waves in launch and detect experiments on long, stable plasmas in the
same experimental device observing modes up to n ¼ 29 with theory
matching experiment to within experimental error. Note that for those
experiments, the dispersion relation is visually linear up to n ¼ 10 (see
Fig. 3 in Malmberg et al.5).

While Fig. 4 shows the early growth of the first eight harmonics,
it is also interesting to view the long-term evolution of some of these
frequencies. This is shown in Figs. 6 and 7. Of particular interest are
the deep (� 30 dB) amplitude dips seen at later times for n ¼ 2–6 but
not n ¼ 1. These appear to be associated with the inversion of the
localized waveform. Other notable features are the long period between
dips and the simple relation between the number of dips D and the
harmonic number (i.e., D ¼ n� 1Þ.

The ability to quench the instability by adding damping allows us
to see the effect of the instability on other plasma parameters. This is
shown in Figs. 8 and 9 for total confined particles per unit column
length Ntot and axial temperature T, respectively. Measurements of the
radial density profile (not shown) confirm that the loss of confined
charge is due to outward radial transport. At first glance, this is perplex-
ing since the unstable modes have l ¼ 0, thus no azimuthal variation in
potential and no radial E � B drift. In fact, this increased radial

transport is further evidence that the instability is driven by field asym-
metries, and the transport is produced by the coupling between the
unstable mode and the field asymmetry. The radial particle transport is
accompanied by an increase in the axial temperature, as shown in Fig. 9.

We also note that spontaneous growth of the instability was not
observed for shorter plasma columns (L< 85 cm), probably due to the
decreased amplitude of the driving asymmetries as inferred from trans-
port experiments.7,8 This would also explain why this instability has
not been observed, to our knowledge, in other, shorter Malmberg-

FIG. 7. Output of spectrum analyzer tuned to harmonics 4–6 vs time showing deep
amplitude dips.

FIG. 8. Upper graph shows the instability amplitude vs time. Lower graph shows
two plots of the total number of electrons confined in the device vs time. The upper
plot shows data when the instability is suppressed with a resistor from a ring to
ground, while the lower plot shows increased loss when the instability is allowed to
grow.

FIG. 9. Axial electron temperature vs time. The lower curve (open symbols) shows
the data when the instability is suppressed, while the upper curve (solid symbols)
shows the data when the instability is allowed to develop. Representative error bars
are shown on some of the data points.
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Penning traps. However, even for these shorter columns we were able
to induce the instability by applying a short signal burst to one of the
rings at the l ¼ 0, n ¼ 1 mode frequency. Presumably, driving the
mode produces sufficient decrease in the damping (through modifica-
tion of the velocity distribution) to satisfy the instability condition.17

As noted above, our detection of the instability involves connect-
ing a signal amplifier to one of the shorter rings. We have checked that
the amplifier input impedance does not affect the instability by switch-
ing in and out the amplifier connection to the ring at various times.
The observed evolution of the instability is unchanged. Presumably,
this is because the shorter rings have less image charge and thus pro-
duce less current into the amplifier and less ohmic loss.

Observing the instability using a narrower bandwidth (10 kHz)
on the spectrum analyzer shows that the frequency of the primary
mode changes by approximately 100kHz over the evolution of the
instability, decreasing in time until about 40ms and then increasing.
This is not seen in Figs. 2–8 since the frequency variation is within the
100–300 kHz bandwidth used to acquire those data. While we do not
understand this frequency variation, it could be due to the fact that the
mode frequency depends on the density and axial temperature profiles,
and these are changing over time.

We also note the peculiar dip occurring at approximately 20ms
in the plots of Figs. 6 and 7. As shown in the photos of Fig. 3, these
cause a momentary change in the shape of the localized waveform.
The cause of this phenomena is not understood, but we note that it
occurs at roughly the same time that changes in Ntot and T begin.

IV. DISCUSSION

The experimental conditions for our results include a number of
elements that make theoretical modeling difficult: a continuous drive
from the background asymmetry through the induced scattering pro-
cess, mode damping associated with a warm plasma, radially depen-
dent density and temperature profiles, and concurrent transport in
both velocity space and configuration space. Nevertheless, we offer a
simple model that explains some of the main features of the long-term
evolution while acknowledging that other explanations may be possi-
ble: (1) As the first harmonic (n ¼ kL=p ¼ 1) of the unstable mode
grows and becomes nonlinear, the second harmonic (n ¼ 2) is driven
and grows. The nonlinear combination of the n ¼ 1 and n ¼ 2 modes
then drives the n ¼ 3 mode and so on. (2) The combination of these
harmonics produces a localized waveform, which moves back and
forth between the axial confinement cylinders. (3) The cause and fea-
tures of the late-time amplitude dips are not well understood. The
depth of the dips and the long period between dips suggest a slow
“beating” phenomena.18 The data show that initially, the dispersion
relation for the plasma waves is linear in k, which produces the har-
monic relations facilitating the process of part (1). To explain the
late-time amplitude dips, we posit a small, k-dependent deviation from
linearity due to changes in the plasma conditions (density and temper-
ature profiles) at late times. Such a deviation from linearity is plausible
since we know that this happens at higher k values in drive and detect
experiments.5 Because of this deviation, the frequency of the n ¼ 2
mode is now not quite twice the n ¼ 1 frequency. A resonant system
driven slightly off resonance exhibits slow sinusoidal variations in the
amplitude of the response at a frequency equal to the difference
between the drive frequency and the resonant frequency (i.e., “beats”).
The deviation from linearity, thus, produces a beat in the n ¼ 2 ampli-
tude, as seen in the data. A similar process affects the higher k

amplitudes, but with a higher beat frequency, again in accord with the
data. This model also explains why there is no dip in the n ¼ 1 ampli-
tude. (4) This beating alters the particular phase relation between the
harmonics that produced the original localized waveform, producing
an inverted localized waveform. (5) The linkage of these modes with
the driving field asymmetry produces increased radial transport and a
concurrent increase in the axial temperature T, which increases the
mode damping enough so that the instability condition is no longer
satisfied, and all modes decay to zero.

Finally, we note that, because the physical basis for these pro-
cesses is fairly general, these results may be relevant to other rotating
plasmas subject to field asymmetries (e.g., stellarators, tandem mirrors,
and tokamaks). This would be of especial interest due to the enhanced
level of radial transport associated with the presence of the instability.

V. CONCLUSION

We have presented data on the saturation and decay of an
induced scattering instability in a non-neutral plasma. As the instabil-
ity grows, harmonically related eigenmodes are driven and contribute
to the formation of a localized waveform. This state persists for
roughly 105 x�1

1 , where x1 is the angular frequency of the fundamen-
tal mode. At later times, there occurs a peculiar series of dips in the
amplitudes of the harmonics along with concurrent radial transport
and plasma heating. The instability then decays to zero. A simple qual-
itative model explains these features.
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APPENDIX: NUMERICAL SOLUTION FOR THE MODE
POTENTIAL

It has previously been shown9 that low frequency modes with
axial and azimuthal wavenumbers k and l in a non-neutral plasma
column are governed by
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where /1ðrÞ is the mode potential, x is the (generally complex)
mode angular frequency, v is the axial velocity, xR is the E � B rota-
tion frequency, and xc is the cyclotron frequency. Assume a distri-
bution function given by
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where s ¼ ðx� lxRÞ=ka and wp is the plasma frequency, and we
have used 1þ sZðsÞ ¼ �Z0ðsÞ=2. This equation can be solved
numerically for given k and any given density and temperature pro-
files by dividing the range of r values into many steps of value Dr
and expressing the derivatives on the left hand side as finite differ-
ences [see Eq. (36) in Ref. 11]. The procedure is then as follows. We
make an initial guess xa for the complex frequency x. For the l ¼ 0
mode, we take /1ðr ¼ 0Þ to be some constant and /1ðr ¼ DrÞ to be
a slightly smaller constant. These assumptions are enough to start
the finite difference solutions, and the results can be stepped all the
way to the wall radius R. This is referred to as the “shooting”
method. The resulting complex potential at the wall (call it /a) will
typically not match the required boundary condition /1ðRÞ ¼ 0.

So we make another, slightly different guess xb for the complex fre-
quency and follow the same procedure to obtain a second wall
potential /b. We then assume these wall potentials and x are line-
arly related: xa ¼ a/a þ b and xb ¼ a/b þ b. Eliminating a, we
obtain b ¼ ðxa/b � xb/aÞ=ð/b � /aÞ. Since we want /1ðRÞ ¼ 0,
our next guess for x is xc ¼ a/c þ b ¼ b. We shoot again and iter-
ate the procedure until the potential at the wall is sufficiently close
to the desired value of zero. The solution gives both /1ðrÞ and the
complex frequency x.
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See, for example, Ref. 14.
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