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V e rsion: N ove m be r 2 9,2 000
Due Date :Tue sday De ce m be r 12 ,5:00p m

1 B ackground
T he °ow of a °uid(liq uidor gas)isgove rned,in ge ne ral,by a syste m of coup led,non-line a r p a rtial
di®e r e ntiale q uations.W e shallconside r the sim p līedcase ofm odelling an inviscid(no viscosity),irro-
tational(no wakes,boundary laye rsor vortices)andincom p r essible (density doesn'tchange with change
in p re ssur e)°uid.For thissp e cializedcase,w hich occursin a wide num be r ofactualp hysicalsituations
(for e xa m p le °ow ofair of ar oundcom e rcialaircraft,°ow ofw ate r in cylindricalp ip es,etcete ra),the
dyna m icsofthe °uidar e describedby pote ntialtheory.Sp e cīcally,in thisp ro je ctw e willbe looking at
two-dim e nsional,incom p r e ssible p ote ntial°ow.

O ur goalisto w rite dow n boundary value p r oble m s(w hich consistofa p artialdi®e r e ntiale q uation
com binedwith boundary conditions)for a num be r ofclassical°ow situations,andto solve these p roble m s
num e rically.W e shallconside r a p roble m solvedwhe n w e can p roduce a contour m a p ofthe conve rged
num e ricalsolution describing the °uid°ow throughoutthe re gion ofinte rest.

2 T he Model: Pote ntialThe o ry
PotentialT he ory assum esthata velocity p ote ntialÁ e xistssuch thatthe velocity ofthe °uidatany
p ointcan be obtainedby com p uting~v = rÁ.In ca rtesian coordinates,thism e ansthatthe velocity at
any p ointin the p lane (x ;y)isgive n by

~v = u^x + vŷ=
@Á
@x

^x +
@Á
@y

ŷ: (1)

In p olar coordinates,the velocity can be foundatany p oint(r;µ)by

~v = vrr̂+ vµµ̂=
@Á
@r

r̂+
1
r
@Á
@µ

µ̂; (2 )

w he r e vr andvµ a r e the com p one ntsin the radialandangular dire ctions.
In addition to the velocity p ote ntialfunction,the re isanothe r function w hich assistsin the descrip tion

of°uid°ow : the str e a m function,Ã.The stre am function isde n̄edusing the e q uations

u =
@Ã
@y

; v = ¡@Ã
@x

(3)

In p ote ntial°ow,the p ointsin the p lane atw hich the velocity p ote ntialisconstantar e curvescalled
equipote ntials. W he n the stre a m function isconstantthe corr e sp onding curvesa re calledstream lines
andre p r ese ntthe p ath thatp a rticleswilltravelin the °ow.Pa rticleswilltravelp a rallelto stre am lines
andthusthism e ansthe °ow willnotcrossthe m .T he r e for e str e a m linescan re p r ese nt°ow boundaries.
T hiside a isim p ortantin m athe m atically describing the °ow a rounddi®e re ntly-shap edobje cts.

The gove rning e q uation for two dim e nsional,incom p r essible °ow isLap lace 'sE q uation

r2 Á = 0: (4)

In ca rtesian coordinatesthisbe com e s

@2 Á
@x 2

+
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@y2

= Áx x + Áyy= 0: (5)

In p olar coordinatesLap lace'sE q uation itis
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Áµµ = 0: (6 )

From the m ultip le de n̄ition ofthe velocity com p one ntsin (3)and(1)one can se e thatthe stre am
function andthe velocity p ote ntialcan be m athe m atically relatedto e ach othe r.T he e q uationsw hich
re late the two functionsa re know n asthe C auchy-R ie m ann e q uations,
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=
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@y

;
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= ¡@Ã
@x

: (7 )

A nd,the cor r esp onding ve rsion ofthe C auchy-R ie m ann e q uationsin p ola r coordinatesar e

@Á
@r

=
1
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@µ

;
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r
@Á
@µ

= ¡ @Ã
@r

: (8)

From C om p le x A nalysisitisknow n thatfunctionsw hich satisfy the C auchy-R ie m ann E q uationsar e
har m onic functions,which m e ansthatthe y also satisfy Lap lace'sE q uation.In othe r wordsnotonly
doesthe velocity p ote ntialsatisfy 5,butso doesthe stre a m function:

@2 Ã
@x 2

+
@2 Ã
@y2

= 0: (9)

B oundary V alue Pr oble m s
T he p roble m ofdescribingthe °ow ofa °uidin a re gion m athe m atically isone ofsolving a boundary value
p roble m for eithe r Á and/or Ã (ifyou have one,you can getthe othe r).Letusconside r a r e ctangula r
dom ain in the x y-p lane.A solution ofthe p roble m wouldbe a functionalre p r ese ntation ofÃ(x ;y)which
w e coulddi®e re ntiate andthusgive the velocity com p one ntsu(x ;y)andv(x ;y)ate ve ry p ointin our
dom ain.W e know thatÁ(x ;y)andÃ(x ;y)satisfy Lap lace'sE q uation ate ve ry p ointin the inte rior ofthe
dom ain,butw e also ne edto have e q uationsfor Á or Ã on the boundary ofthe dom ain.T hese e q uations
a re calledboundary conditions.Thisisve ry sim ilar to the ide a thatw he n solving initialvalue p roble m s
one ne edsnotonly a di®e re ntiale q uation butan initialcondition to obtain a uniq ue solution. W ith
boundary value p roble m sone ne edsa p a rtialdi®e r e ntiale q uation andboundary conditions.

3 The Pr oble m : T he o r e ticalFluidMe chanics
T he p r o je ctwillbe to m athe m atically describe andcom p ute solutionsfor classic the or etical°uidm e-
chanic sce na rios. These willbe FluidA rounda Corne r,FluidInto A Se m i-In n̄ite Channel,Fluid
A roundA ®-W edge,andFluidPastA Circula r O bje ct(E xtra C redit).

Situation A : Flow A r oundA C orne r
Conside r the ḡur e be low. T he p roble m of incom p r essible inviscid°ow ar ounda 90±corne r (atthe
origin)can be w ritten asa boundary value p roble m for the str e a m function Ã(x ;y).Letthe sp e edofthe
°uiddow n into the corne r be unity,ande q ualto the sp e edofthe °ow to the rightexiting the corne r.
Let'sde rive the boundary condition for thissituation.

T he gove rning p artialdi®e re ntiale q uation for allour situationsisLap lace'sE q uation

r2 Ã = 0;A .1

A long y= 0 the re isa w all,andthe °ow willbe dire ctly ve rticaldow nwa rds,in othe r w ordsv(x ;0)=
¡Ã x (x ;0)= ¡1andu(x ;0)= Ãy= 0.So,since u = Ãy andv = ¡Ã x w e know that

¡@Ã
@x

= ¡1) Ã(x ;0)= x
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Sim ilarly,asthe °ow le avesthe corne r itiscom p letely horizontal,so v(1;y)= ¡Ã x (1;y)= 0 and
u(1;y)= Ãy(1;y)= 1,which m e ansthat

@Ã
@y

= 1) Ã(1;y)= y

T he boundariesofthe °ow (i.e.the w allandthe °oor)a re r e p r ese ntedby the constantvalue ofthe
stre a m function along the y-axisandx -axis.The value ofthe constantisusually take n to be ze ro along
°ow boundaries.

Ã(x ;0)= Ã(0;y)= 0

Situation B : Flow atthe E ndofa Se m i-In n̄ite Channel
Conside r the ḡur e be low.W rite dow n a boundary value p roble m for the stre a m function for the °uid
°ow into a channelw hich haswallsatx = ¡¼=2 andx = ¼=2 anda °oor aty= 0.
The e xactsolution for thisp roble m isÃ(x ;y)= sinh(y)cos(x ).

Situation C : Flow Into A n ®-W edge
Conside r changing Situation A so thatinste adofthe corne r being a 90±itis®..W rite dow n a boundary
value p roble m for the stre a m function the °ow into the \®-W edge ".T he m ain fe ature ofthisp roble m
with thisp roble m isthatitism ore e asily e xp r essedin p ola r coordinates.A lso note thatSituation B is
a sp e cialcase ofSituation C (with ® = ¼=2 ).Can you show this?

T he e xactsolution isÃ(r;µ)= r¼=® sin
µ
¼µ
®

¶
.

Situation D: Flow PastA Cylinde r
W rite dow n the boundary value p roble m for °ow p asta cylinde r ofunitradiusatthe origin.
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T he e xactsolution ofthisp roble m isÃ(r;µ)=
µ
r¡ 1

r

¶
sin(µ)

4 Com p utationalFluidDynam ics

A p p r oxim ating Lap lace 'sE q uation N um e rically
Letussay w e a r e only inte restedin a p ortion ofthe x y-p lane w hich we callD : (x ;y)2a· x · b;c ·
y· d.Letusp artition the horizontal(x -axis)andve rtical(y-axis)coordinates,into n andm p ie ces,
resp e ctively.T huswe have changedour r e gion ofinte re stfrom the in n̄ite num be r ofp ointsin the p lane
to the n̄ite num be r ofn £mdiscrete p oints.Thisp rocessiscalleddiscretization.

W e can w rite form ulasfor the p r e cise p ointsin the p lane w hich w e a r e conside ring.T he y allhave
the form (x i;yj)whe re i rangesfrom 1to m andjrangesfrom 1to n.

x i = a+(i¡1)¢ x w he r e ¢ x =
b¡a
m¡ 1isthe se p ar ation betw e e n neighbouring p oints(on the x -axis).

Sim ilarly,yj= c+ (j¡ 1)¢ yw he r e ¢ y=
d ¡ c
n ¡ 1.

O ur num e ricalp roble m willbe to n̄dthe value ofthe stre a m function ate ach ofthese discrete p oints.
W e willthusne edto p roduce n £ m e q uationsfor n £ m va riables.W e shalldenote these va riablesas
Ãi;j,whe re Ãi;j= Ã(x i;yj).

The de rivativesin the Lap lacian can be a p p roxim atedusing n̄ite di®e re nces.T hisinvolvesusing
the ide a that

f00(x )=
f(x + ¢ x )¡ 2f(x )+ f(x ¡ ¢ x )

¢ x
+ O ((¢ x )2 ):

T husin the case ofthe se condde rivativesofthe stre a m function in Lap lace'sE q uation we can use
thisidea to p r oduce an a p p roxim ation for Ã x x ate ach (x i;yj),

@2 Ã
@x 2

¼ Ãi+1;j¡ 2 Ãi;j+ Ãi¡1;j
(¢ x )2

: (10)

You shouldbe able to show thatatthe inte rnalp artsofthe dom ain the discrete form ofLap lace's
E q uation is:

Ãi+1;j¡ 2 Ãi;j+ Ãi¡1;j
(¢ x )2

+
Ãi;j+1¡ 2 Ãi;j+ Ãi;j¡1

(¢ y)2
= 0

T hiscan be r e-a rrangedto form an e xp licite q uation for Ãi;j,

µ
¢ y
¢ x

¶2
(Ãi+1;j+ Ãi¡1;j)+ Ãi;j+1+ Ãi;j¡1¡ 2

Ãµ
¢ y
¢ x

¶2
+ 1

!
Ãi;j= 0 (11)

Ãi;j=

³
¢ y
¢ x

2́
(Ãi+1;j+ Ãi¡1;j)+ Ãi;j+1+ Ãi;j¡1

2
³
¢ y
¢ x

2́
+ 1

If¢ x = ¢ ythen the e q uation be com es
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Ãi;j=
Ãi;j+1+ Ãi;j¡1+ Ãi+1;j+ Ãi¡1;j

4
N otice thatLap lace 'sE q uation willonly be the gove rning e q uation for (n ¡ 2 )(m¡ 2 )= nm¡ 2 n ¡

2m+4ofthe va riables.The boundary conditionswilltake ca re of2 n+ 2 (m¡ 2 )= 2 n+ 2m¡4e q uations.
Togethe r,you willhave n £ m e q uationsin n £m unknow ns.

For e xa m p le,for n = m= 5 the setof(n ¡ 2 )£ (m¡ 2 )= 9 e q uationsfor the 9 inte rnalÃi;jvalues
willbe

¡4Ã2 ;2 + Ã1;2 + Ã3;2 + Ã2 ;3 + Ã2 ;1 = 0
¡4Ã3;2 + Ã2 ;2 + Ã4;2 + Ã3;3 + Ã3;1 = 0
¡4Ã4;2 + Ã3;2 + Ã5;2 + Ã4;3 + Ã4;1 = 0
¡4Ã2 ;3 + Ã2 ;4+ Ã2 ;2 + Ã1;3 + Ã3;3 = 0
¡4Ã3;3 + Ã3;4+ Ã3;2 + Ã2 ;3 + Ã4;3 = 0
¡4Ã4;3 + Ã4;4+ Ã4;2 + Ã3;3 + Ã5;3 = 0
¡4Ã2 ;4+ Ã2 ;5+ Ã2 ;3 + Ã3;4+ Ã1;4 = 0
¡4Ã3;4+ Ã3;5+ Ã3;3 + Ã4;4+ Ã2 ;4 = 0
¡4Ã4;4+ Ã4;5+ Ã4;3 + Ã5;4+ Ã3;4 = 0

T he r e a r e 2 n + 2m¡ 4= 16 boundary conditions(for n = m= 5).A long the y-axis,the r e isa w all

Ã1;2 = Ã1;3 = Ã1;4= Ã1;5 = 0

A long the x -axis,the re isanothe r boundary

Ã2 ;1= Ã3;1= Ã4;1= Ã5;1= 0

A ndatthe inte rse ction (corne r)
Ã1;1= 0

A tthe inp utandoutp utp a rtsof

Ã5;2 = x 5y2
Ã5;3 = x 5y3
Ã5;4 = x 5y4
Ã5;5 = x 5y5
Ã2 ;5 = x 2 y5
Ã3;5 = x 3y5
Ã4;5 = x 4y5

To avoidconfusion,itm ightbe use fulto re na m e the unknow n va riablesÃi;jasIn m atrix form ,the
e q uationscan be w ritten as

0
BBBBBBBBBBBB@

¡4 1 0 1 0 0 0 0 0
1 ¡4 1 0 1 0 0 0 0
0 1 ¡4 0 0 1 0 0 0
1 0 1 ¡4 1 0 1 0 0
0 1 0 1 ¡4 1 0 1 0
0 0 1 0 1 ¡4 0 0 1
0 0 0 1 0 0 ¡4 1 0
0 0 0 0 1 0 1 ¡4 1
0 0 0 0 0 1 0 1 ¡4

1
CCCCCCCCCCCCA

0
BBBBBBBBBBBB@

Ã2 2
Ã32
Ã42
Ã2 3
Ã33
Ã43
Ã2 4
Ã34
Ã44

1
CCCCCCCCCCCCA

=

0
BBBBBBBBBBBB@

¡Ã2 1¡ Ã12
¡Ã31
¡Ã52 ¡ Ã41
¡Ã13
0
¡Ã53
¡Ã14¡ Ã2 5
¡Ã35
¡Ã45¡ Ã54

1
CCCCCCCCCCCCA

N otice thatyou can think ofthe m atrix in thise q uation ashaving the form
0
@

A I 0
I A I
0 I A

1
A ~x =~b
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w he r e A andI a r e 3 £ 3 m atrices(also know n as\blocks." In othe r w ords,the m atrix in q uestional
isblock tri-diagonal,sym m e tric andp ositive de n̄ite.T husifw e use SO R w e can n̄dan op tim al!
p a ra m e te r w hich accele r atesconve rge nce.

W e shallconside r the p roble m solvedwhe n the di®e re nce betw e e n the e xactsolution andthe com -
p utedsolution issm all.O ne choice isto have m ax

1·i·m;1·j·n
jÃi;j¡ Ã(x i;yj)j< ²w he r e ²isabout10¡3.

4.1 Using Gauss-SeidelandSO R To Solve The Syste m
T he r e ism ore than one w ay to im p le m e ntthe solution of the mn line a r e q uations. O ne coulduse
the give n sor.m andgseidel.m andeve n jacobi.m routines. B utthe n you w ouldhave to com e up
with a way to com p ute the m atrix r e p r e se nting the syste m ofe q uationsfor e ach case.A nothe r w ay to
im p le m e ntGauss-SeidelandSO R isasre cur r e nce r e lationsGauss-Seidelcan be w ritte n as

Ã(k+1)i;j =
Ã(k)i;j+1+ Ã(k+1)i;j¡1 + Ã(k)i+1;j+ Ã(k+1)i¡1;j

4
:

Successive O ve r R elaxation can be w ritte n as

Ã(k+1)i;j = Ã(k)i;j+ !
Ã(k)i;j+1+ Ã(k+1)i;j¡1 + Ã(k)i+1;j+ Ã(k+1)i¡1;j¡4Ã

(k)
i;j

4
:

T he r e ason the r e isthe sym bol(k + 1)ove r som e ofthe Ãi;jvaluesand(k)ove r othe rsindicates
w hich ite r ate one islooking at.Ifone isrunning through the va riables,the n to com p ute the ne xt,i.e.
(k + 1)value ofÃi;j,one alre ady knowsthe valuesatÃi¡1;jandÃi;j¡1.

Itcan be show n thatthe op tim al! for Successive O ve r-R elaxation of the syste m obtainedfrom
discr etizing Lap lace'sE q uation is

!op t=
4

2 +
p
4¡ c2

; w he r e c = cos
µ

¼
n ¡ 1

¶
+ sin

µ
¼

m¡ 1

¶
(12 )

w he r e the num be r ofgridse p ar ationsisn andm.
You shouldw rite an m -̄le w hich im p le m e ntsSO R anduse itto solve the num e ricalp roble m swith

Gauss-Seidel(!= 1)andthe n dete rm ine the op tim al! from (12 )andrun SO R with thisvalue to show
the solution conve rgesm or e r ap idly.
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A ssignm e nt
The or e ticalFluidDynam ics

1.Show thatÃ(x ;y)= x yisan e xactsolution ofthe boundary value p roble m for the str e a m function
for °ow a rounda corne r.

2 .W rite dow n a boundary value p roble m for the str e a m function describing the °ow into a se m i-
in n̄ite channelofwidth ¼ foundat¡ ¼

2 · x · ¼
2 ;y> 0.

3.Show thatÃ(x ;y)= sinh(y)cos(x )isan e xactsolution ofthisboundary value p r oble m .

4.W rite dow n a boundary value p roble m for Ã(r;µ),the str e a m function for °ow into an ®-w edge.

5.Show thatÃ(r;µ)= r¼=® sin(¼µ® )isan e xactsolution ofthisboundary value p roble m .

Com p utationalFluidDynam ics

1.Discretize the boundary value p roble m for Situation A andSituation B with n = m= 5

2 .W rite dow n the syste m ofe q uationsfor the discrete ve rsion ofSituation A andSituation B

3.Use Gauss-SeidelIte ration (i.e.SO R with ! = 1)to p roduce a discr ete solution to Situation A
andSituation B

4.Use SO R with op tim al! to p roduce a discrete solution to Situation A andSituation B

5.Use SO R with op tim al! andn = m = 10 andn = m = 2 5 to p roduce a discrete solution to
Situation A andSituation B

EX TR A C R EDIT

1.W rite dow n a boundary value p r oble m for Ã(r;µ),the stre am function for °ow acr ossa unitcylinde r
atthe origin (situation D).

2 .Show thatthe function Ã(r;µ)= (r¡ 1=r)sin(µ)solvesthe boundary value p roble m for Situation
D

3.Discretize the boundary value p roble m for Situation C andSituation D with n = m= 5

4.W rite dow n the syste m ofe q uationsfor the discrete ve rsion ofSituation C andSituation D

5.Use SO R with op tim al! to p roduce a discrete solution (with n = m= 2 5to Situation C andD
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R e p o rt
W rite a concise re p ortcontaining the following sections.

1.Pr oble m O ve rvie w : A brie fstate m e ntofthe p ro je ctobje ctive anda sum m a ry ofthe ste p syou
usedto achieve it.

2 .Mathe m aticalFor m ulation: Sum m a rize the e q uationsusedin your analysis. Describe e ach
va riable in words.B e sur e to ide ntify the role ofe ach e q uation in the ove rallanalysis.

3.Pr ogr a m Listings: You shouldp roduce an m -̄le,stream.m w hich hasan outp utof:

(i) a contour p lotofÃ(x ;y)or Ã(r;µ)

(ii)The e r ro r be tw e e n the num e ricalsolution andthe e xactsolution

(iii)The discrete conve rgedsolution,in m atrix form Ãi;j

andhasan inp ut:

(i) n,num be r ofhorizontaldivisions,m num be r ofve rticaldivisions

(ii)!,the SO R p a ra m e te r

(iii) k,the num be r ofSO R ite rationsto e xe cute

T he p urp ose ofe ach m-file shouldbe statedin the te xtofyour r e p ort.Code listings,esp e cially
those thatsp an m ultip le p ages,shouldap p e ar in an A p p e ndix.The inp utandoutp utva riables
for the m odulesne ednotbe describedse p a rately aslong asthe y ar e ade q uately docum e ntedin
the function p rologue.

4.R esultsandDiscussion: Provide answ e rsto the q uestionsp osedin the A ssignm e ntse ction,
above.Your r e p ortne ednotfollowing the num be ring conve ntion in the A ssignm e ntso long asall
the issuesraisedthe re a r e discussed.

5.Fe edback on Gr oup Dynam ics: Provide a sum m ary ofhow your gr oup w orkedtogethe r,sum -
m a rizing how m any m e etingsoccurr ed,how longthe y lasted,who w asresp onsible for w hich se ctions
ofthe p ro je ct,etcete ra.T hiscouldbe done through se p a rate p ar agra p hs,authoredby e ach group
m e m be r.

6 .Conclusion: In one crisp p a ragra p h,sum m arize the r esultsofthisp roje ct.Do notp re se ntnew
inform ation in the Conclusion.

The r e p ortisto be delive redin ha rdcop y by 5:00 PM on the due date for the p ro je ct.

Subm ission ofC ode
In addition to the w ritten r e p ort,the n̄alworking ve rsion ofyour M atlab p rogr am s,along with basic
instructionsfor running the m ,ar e to be includedon a disksubm ittedwith the re p ort.T he instructions
shouldbe containedin a p lain text̄ le (no MS W ord,no HTMLform atting)with a nam e like ReadMe.txt.
The instructionsshouldbrie °y (one or tw o se nte ncesshoulddo)describe how to run your code.B e sur e
to sp e cify any inp utp a ra m ete rsthatm ay be ne eded. W he n I run your code(s)I shouldbe able to
re cre ate allthe re sultsin your r e p ort.Ishouldnothave to edityour code(s)to p roduce your r esults.
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Grading Crite ria
T he following crite ria willbe usedto grade the te r m p ro je ct

Cate gory Points
Te chnicalconte nt

V e rīcation ofthe or eticalresults 2 0
Com p utationalFluidDyna m ics 2 0

N um e ricalR esults
Im p le m e ntation ofSO R 10
Contour Plots 10
TabulatedR esultsofR unning Progra m 2 0

Docum e ntation
O rganization anddocum e ntation ofm -̄les 5
Discussion ofgroup dyna m ics 5
Gra m m a r,style,sp elling 10

Total 100
E xtra C redit

CylindricalProble m (Situation D) 15
N um e ricalSolution ofSituation C andD 2 5

E xtra C reditTotal 40

R e p ortStyle

T he following ite m sfallunde r the cate gory of\style ".

² T he r e p ortshouldbe organizedinto m a jor se ctions.

² T he te xtshouldbe w ritte n in com p lete se nte nces.Itshouldbe fre e ofslang. A llabbre viations
andacronym sshouldbe de n̄ed.

² Figuresm usthave ca p tions.A xesm usthave labels.Figuresandtablesofresultsm ay be p laced
atthe e ndofthe te xtbody,butshouldnotbe p lacedin an ap p e ndix.A ll ḡure sandtablesof
resultsthata re notdiscussedin the body ofthe te xtwillbe ignored.

² Pagesin your r e p ortshouldbe num be r ed.

² O nly ite m sofsecondary im p ortance ar e p utin an a p p e ndix.

To sim p lify your r e p ort,assum e thatthe re ade r

² isfam iliar with the °uiddynam ics,

² isa com p e te ntM atlab use r,

² isunim p r e ssedby fancy re p ortcove rs,

² ism uch m or e inte restedin te chnicalconte ntthan in fontsele ction,thre e-dim e nsionalgra p hics,
andm axim um ve ctorization ofM atlab code.

Do notassum e thatthe re ade r hasa cop y ofthe assignm e ntshe et.T hisre q uires,for e xa m p le,that
you de n̄e allvariablesandconstantsthatap p e a r in any e q uationsyou p r e se nt.
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