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SUMMARY
We will investigate techniques for finding solutions of homogeneous linear ODEs with con-
stant coefficients.

Homework Set #6

Zill, Section 4.2: 2* 11* 19*

Zill, Section 4.3: 6%, 16*, 23*, 33* EXTRA CREDIT /3,44,45,46,47,48
Zill, Section 4.6: 5*, 16*, 19* EXTRA CREDIT 30

We will begin by looking at solution techniques for solving the linear 2"¢ order DE
ay” + by’ + cy = 0 where a, b and ¢ are constants.

1. Auxiliary Equation

Let’s guess that the solution to Equation is y = e™*. (In Physics, we would say “Let’s
make an ansatz of y = €™®). By guessing y = €™, ¢y = me™ and y” = m?e™® we obtain
(am? 4+ bm + ¢)e™ = 0 from which we know either ¢™* = 0 or am? + bm + ¢ = 0. The latter

is known as the auxiliary equation.

Clearly there are three distinct types of solutions to this equation, depending on the values
of a, b and c.

Case I: Two distinct real roots (when b? — 4ac > 0)

Case II: Two indistinct real roots (when b* — 4ac = 0)

Case III: Two distinct complex roots (when b* — 4ac < 0)

Case I: Two Real Roots

If there are two real roots, m; and ms then the fundamental set of solutions to the homoge-
neous linear DE is simply y = ¢;€™% 4 c3e™2* where the auxiliary equation am?+bm+c =0
can be factored as (m —my)(m —msg) =0

Case II: One Repeated Real Root

If there is only one real root then we know we have one solution y(z) = ™% and the
auxiliary equation can be factored as (m — my)?> = 0. We can get a second solution by
using the method of reduction of order where P(z) = b/a and Q(z) = ¢/a to show that the
fundamental set of solutions is y = c¢1e"™* + coxe™".

Show that when ay” + by’ + cy = 0 has one repeated root m = m; in the auxiliary
equation and one solution y = €™ then another solution is ys(x) = ze™?7.



Case III: Two Complex Roots

If there are two complex roots, then they are complex conjugate pairs m; = « + i8 and
ms = o — i3 where a and 3 are real numbers and 2 = —1.

The fundamental set of solutions in this case will be y = ¢1e** cos((x) + coe®* sin(fx)

RECALL | e? = cos@ + isin@
EXAMPLE | Let’s use these results to solve the equations

(a) 2" — b5y —3y =0
(b) " — 10y’ + 25y =0
(¢) ¥ +4y' +7y =0

2. Higher Order Constant Coefficient Linear DEs

Things get more complicated when the order of the equation goes up, but the basic idea
is the same. Consider the general n'"* order linear constant coefficient DE, the auxiliary
equation will have the form

- - 2
Apm™ + apam™ 4 apom™ 4+ 4 agm® +am+ag =0

If all the n roots are real and distinct, then the fundamental solution will be inspired by case
I:

Y = c1€"MF 4 o™ + 3™ 4 L+ cpe™*

If there are k repeated real roots (and n — k distinct real roots) the fundamental solution
will be inspired by Case II:
Y = c1e™T 4 coxe™® 4 c3x2e™T 4 |+ et Tle™T £ die™® 4 dye™ 4 ... d,_pen kT

If there are k repeated complex roots (and n — k distinct complex roots) the fundamental
solution will be inspired by Case III:

y = c1e°% cos(Bx) +care®® cos(Bx) +c3we?® cos(Bx)+. . Acpart e cos(Bx) +die?® sin(Bx)+
doze®® sin(Bz)+dzx?e®® sin(Bx) +. . .+ dpx* e cos(Bx) +p1e®2® cos( o) +q1e*2% sin(Fax) +
pae®3® cos(B37) + q2e37 sin(Bax) + . . . po—re*? co8(Bn—1T) + gn-re sin(B,—xx)

Regardless, there are always n unknown functions in the fundamental set of solutions of an
n' order linear constant coefficient DE.

Write down the fundamental solution of 7" order differential equation which has
the auxiliary equation (m? + 2m + 4)*(m — 1)?(m + 4) = 0.



