HW SET 7: Sec 3.1 (6,7,8,10,13,18%); Sec 3.2 (8,9,12,16*,17,18%)
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HW SET 7: Sec 3.1 (6,7,8,10,13,18%); Sec 3.2 (8,9,12,16*,17,18%)

18. In this case, dv/dt = d*>y/dt*> = 0, and the first-order system reduces to

dy
_ 1
dr
dv

dt
(a) Since dv/dt = 0, we know that v(r) = ¢ for some constant c.
(b) Since dv/dt = v = ¢, we can integrate to obtain v(f) = ct + k where & is another arbi-
trary constant. Hence, the general solution of the system consists of all functions of the form
(v(r), v(t)) = (ct + k, ¢) for arbitrary constants ¢ and £.
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HW SET 7: Sec 3.1 (6,7,8,10,13,18%); Sec 3.2 (8,9,12,16*,17,18%)

8. (a) The characteristic polynomial is
C-M1-2)—1=2"-31+1=0,

and therefore the eigenvalues are

3445 3-43
1 3 an 2 3
(b) To obtain the eigenvectors (x1, v1) for the eigenvalue Ay = (3 + NG )/2, we solve the system
of equations
3445
xp—m= X
2
3445
—X1+n= N
2
and obtain
1-4/5
y1= 5 A1,

which is equivalent to the equation 2y; = (1 — V3.
Using the same procedure, we obtain the eigenvectors (x2, y2) where 2y, = (1 + V5)as

for o = (3 — /5)/2.
(e) ¥y
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HW SET 7: Sec 3.1 (6,7,8,10,13,18%); Sec 3.2 (8,9,12,16*,17,18%)

(d) One eigenvector V; for the eigenvalue 4y is V; = (2,1 — v/3), and one eigenvector V; for the
eigenvalue A is Vo = (2,1 +/3).

Given the eigenvalues and these eigenvectors, we have two linearly independent solutions

2 2
Yo (1) = £BHY5)1/2 d Yo(r) = eB—3)1/2 _
o =e (1_¢§) wd R=e 143

X,y
X, ¥ 54

T y(t)
x(t)

_—— . x(t)
! t

|
v
1
1
|
ra
(S

The x(t)- and y(¢)-graphs for Yq(#). The x(t)- and y(t)-graphs for Y ().

(e) The general solution to this linear system is

2 2
Y (1) = fr eB+Y5)1/2 iy (3—+5)1/2 _
O =ke 1—4/5 2 1+4/5
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9. (a) The characteristic polynomial is
Q-1 -2)—-1=2*-3141=0,
and therefore the eigenvalues are

3 5 345
}.1 = +2\/_ and JL2 = 2\/_

(b) To obtain the eigenvectors (x1, v1) for the eigenvalue Ay = (3 + NG )/2, we solve the system

of equations
3445
Iaa+n= 71
3445
A1+n= 7
and obtain
—1445
M =——F—a1,

which is equivalent to the equation 2y; = (-1 + A5 )a1.
Using the same procedure, we obtain the eigenvectors (x5, y2) where 2y, = (-1 — V3)x
for io = 3 — /3)/2.
(e) y
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HW SET 7: Sec 3.1 (6,7,8,10,13,18%); Sec 3.2 (8,9,12,16*,17,18%)

(d) One eigenvector V; for the eigenvalue A; is V; = (2, -1 + v/3). and one eigenvector V7 for
the eigenvalue A» is Vo = (=2, 1 + V3).

Given the eigenvalues and these eigenvectors, we have two linearly independent solutions

7 -2
Y — B+5)2 = d Yo(r) = B3—V3)/2 _
i =e L1453 ) e Ro=e 14453

X,y
10+ Yy
10+
y(t)
x(r) 54
>T y(t) I } ¢
3 3
4‘_///‘ - _m
T ! f t
-1 1 —10+
The x(¢)- and y(¢)-graphs for Y1 (). The x(t)- and y(t)-graphs for Yo (t).

(e) The general solution to this linear system is

2 —2
Y(r) = kpeBtVo)1/2 RN _
() =he —144/5 2 14+4/5
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HW SET 7: Sec 3.1 (6,7,8,10,13,18%); Sec 3.2 (8,9,12,16*,17,18%)

12. The characteristic polynomial is
(3-M(=2-2)=0,

and therefore the eigenvalues are Ay = 3 and A» = —2.
To obtain the eigenvectors (x1, y1) for the eigenvalue A; = 3, we solve the system of equations

3.1'1 = 3.1'1
X1 — 2}-‘1 = 3_‘.-‘1
and obtain
5_‘,-‘1 = Xi.

Therefore, an eigenvector for the eigenvalue A; = 31s V; = (5, 1).
Using the same procedure, we obtain the eigenvector V, = (0, 1) for A» = —2.
The general solution to this linear system is therefore

5 0
Y(r}=k1e3’( | )+k2e—2=( X )

(a) We have Y(0) = (1, 0), so we must find 4y and k> so that

()mes(2)-o(2)

This vector equation is equivalent to the simultaneous system of linear equations

Sk1=1
k1+k=0.

Solving these equations, we obtain k1 = 1/5 and k> = —1/5. Thus, the particular solution is
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HW SET 7: Sec 3.1 (6,7,8,10,13,18%); Sec 3.2 (8,9,12,16*,17,18%)

(b) We have Y(0) = (0, 1). Since this initial condition is an eigenvector associated to the A = —2
eigenvalue, we do not need to do any additional calculation. The desired solution to the initial-

value problem 1s
0
Y(i)=e* ( . ) :

() We have Y(0) = (2, 2). so we must find &1 and &> so that

()-men(2)n(2)

This vector equation is equivalent to the simultaneous system of linear equations

Sk =2
ki +hkp=2.

Solving these equations, we obtain k1 = 2/5 and &> = 8/5. Thus, the particular solution is

Y(:}:%ef’"( i )+§e—2f(?).
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16.

17.

The characteristic polynomial of A is
(@a—2a)d—21)=0,

and thus the eigenvalues of A are Ay = @ and A» = d.
To find the eigenvectors V; = (x1, v1) associated to A; = a, we need to solve the equation

AV] = -:IVl
for all possible vectors V;. Rewritten in terms of components, this equation is equivalent to
axi + by =ax;
dy1 = ay1.

Since a # d, the second equation implies that y1 = 0. If so, then the first equation is satisfied for
all x1. In other words, the eigenvectors V; associated to the eigenvalue a are the vectors of the form

(x1,0).
To find the eigenvectors V2 = (x2, v2) associated to A2 = d, we need to solve the equation

AV, =dV,
for all possible vectors V». Rewritten in terms of components, this equation is equivalent to
axo + byy =dxy
dyr =dya.

The second equation always holds, so the eigenvectors V; are those vectors that satisfy the equation
axy + byy = dx;, which can be rewritten as

by = (d — a)xs.
These vectors form a line through the origin of slope (d — a) /5.

The characteristic polynomial of B is
A% — (@ +d)h+ad — b

The roots of this polynomial are

_a+d=*\/(a+d)?—4ad —b?)

A 2
a+d++a?+2ad + d? — dad + 4b?
- 2
a+d+./(a—d)?*+ 4b2

2

Since the discriminant D = (a —d)” 4 4b? is always nonnegative, the roots A are real. Therefore, the
matrix B has real eigenvalues. If b # 0, then D is positive and hence B has two distinct eigenvalues.
(The only way to have only one eigenvalue 1s for D = 0).
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18. The characteristic equation is
(@—A)(—A) —bc=2>—ar —bc=0.
Finding the roots via the quadratic formula, we obtain the eigenvalues

a3t a2+ 4be
5 )

Note that these eigenvalues are very different from the case where the matrix is upper triangular (see
Exercise 16). For example, they are not necessarily real numbers because a> + 4bc can be negative.
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