HW Set 6:2.2 (7,8,11,21*[EXPLAIN],24,26); 2.4 (2,5,7,8); 2.5 (2,3), Chap 2 (2,3,7,13,15,16,20,30%)

7. (a) Letv =dy/dt. Then (b) See part (c).

dv d*y

= ar =Y

Thus the associated vector field is

Vv, v) = (v, ).
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(e) As ¢ increases, solutions in the 2nd and 4th quadrants move toward the origin and away from
the line v = —wv. Solutions in the 1st and 3rd quadrants move away from the origin and

toward the line y = v.

8. (a) Letv =dy/dt. Then (b) See part (c).

dv d*y

— =—= =2y,
dt  dr? Y

Thus the associated wvector field is

V(y,v) = (v, —2y).

(e) , (d) ,

(e) Asr increases, solutions move around the origin on ovals in the clockwise direction.
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11. (a) There are equilibrium points at (41, 0), so only systems (i1) and (vii) are possible. Since the
direction field points toward the x-axis if y # 0, the equation dy/dtr = y does not match this
field. Therefore, system (vii) is the system that generated this direction field.

(b) The origin is the only equilibrium point, so the possible systems are (ii1), (iv), (v), and (vii1).
The direction field is not tangent to the y-axis, so it does not match either system (1v) or (v).
Vectors point toward the origin on the line y = x,so dy/dt = dx/dt if y = x. This condition
is not satisfied by system (i11). Consequently, this direction field corresponds to system (viii).

(¢) The origin is the only equilibrium point, so the possible systems are (iii), (iv), (v), and (viii).
Vectors point directly away from the origin on the y-axis, so this direction field does not cor-
respond to systems (111) and (vii1). Along the line y = x, the vectors are more vertical than
horizontal. Therefore, this direction field corresponds to system (v) rather than system (iv).

(d) The only equilibrium point is (1, 0), so the direction field must correspond to system (vi).
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21. (a) The x(7)- and v(r)-graphs are periodic, so y
they correspond to a solution curve that re- 1+
turns to its initial condition in the phase
plane. In other words, its solution curve
is a closed curve. Since the amplitude of A

N m x
the oscillation of x(r) is relatively large, =1 \J
} x
1

these graphs must correspond to the outer-
most closed solution curve.

—14
(b) The graphs are not periodic, so they cannot y
correspond to the two closed solution curves 1+
in the phase portrait. Both graphs cross the 7-
axis. The value of x(r) is initially negative,

then becomes positive and reaches a max-
imum, and finally becomes negative again. =1
Therefore, the corresponding solution curve

is the one that starts in the second quadrant,

then travels through the first and fourth quad-

rants, and finally enters the third quadrant.

IR
~oL/

—14

(¢) The graphs are not periodic, so they cannot y
correspond to the two closed solution curves 1+
in the phase portrait. Only one graph crosses
the r-axis. The other graph remains negative
for all time. Note that the two graphs cross. A

The corresponding solution curve is the —
one that starts in the second quadrant and

-1 } X
7 |
moves through the third quadrant. T

crosses the x-axis and the line y = x as it

(d) The x(z)- and y(z)-graphs are periodic, so y
they correspond to a solution curve that re- 1+
turns to its initial condition in the phase
plane. In other words, its solution curve
is a closed curve. Since the amplitude of /T\\ .
the oscillation of x(r) is relatively small, —1 \-L/
these graphs must correspond to the inter-
most closed solution curve.
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24, Since the solution curve is an ellipse that is centered at (2, 1), the x(r)- and v(r)-graphs are periodic.
They oscillate about the linesx =2 and vy = 1.

4 - x(1)

7

3+ ¥(t)

|
Vi / ;
26. The x(t)-graph starts with a small positive value and increases as ¢ increases. The y(t)-graph starts
at approximately 1.6 and decreases as r increases. However, y(¢) remains positive for all 7.

X,y

N

x(t)

/ y(t)

2. To check that dx /di = 2x + 2y, we compute both

d-_
d—; = 6e> + ¢

and
2x + 2y = 6 + 2¢' — 2¢' + 2e¥ = 6% + 26

Since the results of these two calculations do not agree, the first equation in the system is not satisfied,
and (x(z), y(¢)) 1s not a solution.

5. The second equation in the system is dv/dt = —y, and from Section 1.1, we know that y(r) must be
a function of the form vge ™, where g is the initial value.
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7. From the second equation, we know that y(z) = k1e~" for some constant 4;. Using this observation,
the first equation in the system can be rewritten as

Z—: =2x + ke,
This equation is a first-order linear equation, and we can derive the general solution using the Ex-
tended Linearity Principle from Section 1.8 or integrating factors from Section 1.9.
Using the Extended Linearity Principle, we note that the general solution of the associated ho-
mogeneous equation is xp (1) = feret .
To find one solution to the nonhomogeneous equation, we guess x, () = ae™". Then

Therefore, x,(7) is a solution if & = —A1 /3.
The general solution for x(r) 1s

x(1) = ke — k—;e_r.

8. (a) No. Given the general solution

k
(kgez"' — _—%le_’, .he_t) ,

the function v(¢) = 3e~' implies that &; = 3. But this choice of k; implies that the coefficient
of e~ in the formula for x(7) is —1 rather than +1.

(b) To determine that Y(7) is not a solution without reference to the general solution, we check the
equation dx /dt = 2x + y. We compute both
dx i

- =

and
2x+vy=2e"" 437",

Since these two functions are not equal, Y(7) is not a solution.
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2. (a) We compute

dx _d(e¥) dy _ d(3e')

—_ = 2¢” =2x and 3¢’ =y,
dt dr dt di ‘
so (e, 3e') is a solution.
(®) Table 2.3
t Euler’s approx. actual distance
0 (1,3) (1,3)
2 (16, 15.1875) (54.59,22.17) 39.22
4 (256,76.88) (2981, 164) 2726
6 (4096, 389) (162755, 1210) 158661
(©) Table 2.4
t Euler’s approx. actual distance
0 (1,3) (1,3)
2 (38.34,20.18) (54.59,22.17) 16.38
4 (1470, 136) (2981, 164) 1511.4
6 (56347, 913) (162755, 1210) 106408

(d) The solution curve starts at (1, 3) and tends to infinity in both the x- and y-directions. Because
the solution is an exponential, Euler’s method has a hard time keeping up with the growth of
the solutions.

3. (a) Euler approximation yields (x5, vs) ~ (0.65, —0.59).

(b) , (¢)
24
1+ L
I ! I — x
-2 -1 1= 2
-1+ "
24
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2. Note that dy/dr = 0 for all (x, v). Hence, there are no equilibrium points for this system.

3.Letv = dy/dt. Then dv/dr = d*>v/dt?, and we obtain the system

dy B
ar
dv

E—.

7. First, we check to see if dx/dt = 2x — 2y? is satisfied. We compute
dx

= = —6e~% and 2x —2y* =2e7% — 8% = 6O,
Second, we check to see if dy/dt = —3y. We compute
d r
d_:.: — 6 and — 3y = ~32e) = 6.

Since both equations are satisfied., (x(¢), v(t)) 1s a solution.
12. One step of Euler’s method is

2, D+ ArF2,1)=(2,1)+05(3,2)
= (3.5, 2).

13. The point (1, 1) is on the line y = x. Along this line, the vector field for the system points toward
the origin. Therefore, the solution curve consists of the half-line y = x in the first quadrant. Note
that the point (0, 0) is not on this curve.

Page 7




HW Set 6:2.2 (7,8,11,21*[EXPLAIN],24,26); 2.4 (2,5,7,8); 2.5 (2,3), Chap 2 (2,3,7,13,15,16,20,30%)

15.

16.

True. First, we check the equation for dx /dr. We have
ﬁ = d(e_ﬁr) — _Ge Ot
di dt -
and
2x —2y2 =2(e %) — 2(2e )% = 270 8% = 6O,

Since that equation holds, we check the equation for dv/dr. We have

dy _ d(2e73") P
dt di ’

and
—3y=-3Qe ") = -6,

Since the equations for both dx /dt and dy/dt hold, the function (x (), v(¢)) = (e~ %,2¢ ) is a
solution of this system.

False. A solution to this system must consist of a pair (x(7), ¥(¢)) of functions.

. True. For an autonomous system, the rates of change of solutions depend only on position, not on

time. Hence, if a function (x1(z), y1(¢)) satisfies an autonomous system, then the function given by

(x2(1), y2()) = (x1(t + 1), yi(r + 1)),

where T is some constant, satisfies the same system.

.If xq 1s a root of f(x) (that is, f(x7) = 0), then the line x = x; 1s invariant. In other words, given

an initial condition of the form (x;, ¥), the corresponding solution curve remains on the line for all 7.
Along the line x = x;, ¥(7) obeys dv/dt = g(v). so the line x = x; looks like the phase line of the
equation dy/dt = g(v).

Similarly, if g(v;) = 0, then the line y = v; looks like the phase line for dx /dr = f(x) except
that it is horizontal rather than vertical.

Combining these two observations, we see that there will be vertical phase lines in the phase
portrait for each root of f(x) and horizontal phase lines in the phase portrait for each root of g(v).
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