HW Set #11 Sec 6.2 (1,2,4.8,15,16,18%); Sec 6.3 (5,6,8,15,18,27,28); Sec 6.4 (1,2,6,7)

1. (a) The function g,(r) = 1 precisely when u,(t) = 0, and go(r) = O precisely when u,(r) = 1, so
8a(t) =1 —uq(t).

(b) We can compute the Laplace transform of g,(#) from the definition

—as —0s 1
- ==

5 5 5 5

e

a
L[ga] :f le ™' dt = —
0

Alternately, we can use the table

—as

1 e
Llga]l = LI —ug(r)] = T

2. (a) We have rg(t) = ug(r)y(t — a), where (b)

v(t) = kt. Now ra(t)
L1y = kLl = 5, |
5 .l ramp function
so using the rules of Laplace transform,
‘F‘_ —as
Llra(t)] = Llug(t)y(t—a)]l = S v
- f t
a a+1
4. We have 1
L 3t -
] = —,

so using the rule
Lua(N)y(t — a)l = e “LIy(@)],

we determine that
Llua ()= L.
s—3

The desired function is > (1)e 2.
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8. Taking the Laplace transform of both sides of the equation gives us

£ I:j—:] = L[ua2(1)],
S0
,—25
sLly] —y(0) =
Substituting the initial condition yields
—25
s£[y] —3=—,
s
so that
e 3
LIy] = —— + =
5 5

By taking the inverse of the Laplace transform, we get
v(r) = ua(r)(r — 2) + 3.

To check our answer, we compute

dv d
@ _ %(r —2) + us (1),

dt
and since dus/dr = 0 except at r = 2 (where it is undefined),
dy B ;
i ua(1).

Hence, our v(r) satisfies the differential equation except when ¢+ = 2. (We cannot expect v(7) to
satisfy the differential equation at t = 2 because the differential equation is not continuous there.)
Note that v(¢) also satisfies the initial condition v(0) = 3.
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15. Taking the Laplace transform of both sides of the equation, we have

dy

&L [—] = —L[y]+ Llug(1)],
dt

which is equivalent to

e—ﬂ.ﬁ'

LY =y(0) = —LI]+ —

Solving for L[] yields
e ¥(0)

s{s+1)+s+1'

L[yl =

Using the partial fractions decomposition
1 1 1

s(s—l—l}:s s+l

we get
e —as g—as },{0)

L[v] = — .
L] s s+l+s+1

Taking the inverse Laplace transform, we obtain

V() = 1a(t) — 1z (1)e 4D 4 y(0)e ™!

= 1g(t) (1 — e_(f_”)) + v(0)e~".

To check our answer, we compute

dv d
d_?; - ;a (1 — e‘“_a)) +1g(1)e= "D — y(0)e™*

and since dug /dt = 0 except at t = a (where it is undefined),

dav
d—"l + v =ug()e” " — y(0)e™ + uy(1) (1 — e_“_”}) + y(0)e*

= lg(1).

Hence, our v(r) satisfies the differential equation except when r = a. (We cannot expect y(r) to
satisfy the differential equation at 1 = a because the differential equation is not continuous there.)
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16. We can write L[ /] as the sum of two integrals. that is,

o0 T oo
LIf]= f f(t)e Stdr = f f()ye 'dt + f f(t)e ™' dz.
0 0 T
Next, we use the substitution # = ¢t — 7 on the second integral. Note that r = u + T . We get
o0 oo
f f(ye st dt = f Fe+T)ye s@+D gy,
T 0
Since f is periodic with period T, we can rewrite the last integral as
o0
e Ts f fuw)e**du,
0
which is just e~ 75.£[ f]. Hence,

T
£1F]= f £y e~ dr + e T £ £,
0

We have r
(1 —e P)LIf]1= f f@)e " dr.
0

Consequently,
1 r ot

18. From the formula in Exercise 16, we see that we need only compute the integral fDl te—*" dt. Using
integration by parts (as in Exercise 2 of Section 6.1), we get

£l = 1 1 e ¥ e F
: T 1l_es\s2 2§

2 s(l—es)
5. Using the formula
dar?
and the linearity of the Laplace transform, we get that
s2L[y] = ¥'(0) — sy(0) + &*L[y] =0.

2.,
£ [d ‘] = s2.L[y] — ¥'(0) — 5(0),

Substituting the initial conditions and solving for £[v] gives

5
=are
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