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Translation Matrix



T = 
Rotation Matrix


R = 
Combine to get the Transformation Matrix

T = T ◦ R =




 
    = 
For a robotic arm of 2 links rotating in R​2


Give each link its own coordinate system



θ is the angle between the coordinate systems
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Transformation Matrix




T2 = 

Places the vector v2 in the frame A1 of v1

Transformation Matrix

T1 = 


Places the vector v2 in the general frame A (x,y)
Combine the Transformations


T1◦T2 ​= 


Where a = 1 and b = 0





T1◦T2 ​=



 

          =
Multiply the Transformations by the initial vector v1 



T1◦T2◦v1 = 




=                                           =


Which gives the final location of the arm
          (1)
cos(θ1+θ2) + cosθ1 = x

          (2)
sin(θ1+θ2) + sinθ1 = y



Solve (1) for (θ1+θ2)



θ1+θ2 = cos-1(x-cosθ1)



Solve (2) for (θ1+θ2)



θ1+θ2 = sin-1(y-sinθ1)


Substitute



cos-1(x-cosθ1) = sin-1(y-sinθ1)

sin(cos-1(x-cosθ1)) = sin(sin-1(y-sinθ1))



y-sinθ1 = sqrt(1-( x-cosθ1)2)



Square the equation



(y-sinθ1)2 = 1-( x-cosθ1)2
y2-2y sinθ1+ sin2θ1 = 1-x2+2xcosθ1-cos2θ1
cos2θ1+sin2θ1 = 1

x2+y2 = 2xcosθ1+2y sinθ1


x2+y2 = r2

xcosθ1+ysinθ1 = r2/2

acosθ+bsinθ = sqrt(a2+b2)sin(θ+tan(b/a))
sqrt(x2+y2)sin(θ1+tan-1(y/x)) = r2/2

sin(θ1+tan-1(y/x)) = r/2

θ1+tan-1(y/x) = sin-1(r/2)

θ1 = sin-1(r/2)-tan-1(y/x)

Substitute back into (2)

sin-1(r/2)-tan-1(y/x)+θ2 = sin-1(y-sin(sin-1(r/2)-tan-1(y/x)))

θ2 = sin-1(y-sin(sin-1(r/2)-tan-1(y/x)))-sin-1(r/2)+tan-1(y/x)
Thus

θ1 = sin-1(r/2)-tan-1(y/x)

θ2 = sin-1(y-sin(sin-1(r/2)-tan-1(y/x)))-sin-1(r/2)+tan-1(y/x)

Example

x = (1+sqrt(3))/2

y = (1+sqrt(3))/2

θ1 = sin-1(r/2)-tan-1(y/x)

θ1 = sin-1(sqrt(x2+y2)/2)-tan-1(y/x)

θ1 = sin-1(sqrt(2+sqrt(3))/2)-tan-1(1)
θ1 = sin-1(0.9659)-tan-1(1) = 30◦
θ2 = sin-1(y-sin(sin-1(r/2)-tan-1(y/x)))-sin-1(r/2)+tan-1(y/x)

θ2 = sin-1(y-sin(30◦)-30◦
θ2 = sin-1((1+sqrt(3))/2-sin(30◦)-30◦
θ2 = sin-1(sqrt(3)/2)-30◦
θ2 = 30◦
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