Eric Fox

Alex Smith

Worksheet: Modular Arithmetic and Linear Algebra

1.  How is modular arithmetic like a clock?  
If it is 16 hours, 28 hours, or 40 hours after 12:00 o’clock what time is it?

If it is 50 hours after 12:00 o’clock what time is it?

Here is another way of expressing the above relationship?

50 ( 2(mod 12) because 2 is the remainder when 50 is divided by 12.  The notation is read: 50 is equivalent to 2 modulo 12, where 12 is the modulo, and 50 and 2 are integers that have the same remainder when divided by 12.

Notice the following are equal:

50(mod 12) = 2(mod 12)

The type of arithmetic we do for a 12-hour clock is modular arithmetic.  It can be extended to any m-hour clock.  

2.  Vectors and Modular Arithmetic

Vectors of length n with components that are integers modulo m are called m-

ary vectors of length n, denoted Z    .  The set of integers modulo m is Zm = {0,1,2,…,m-1}, therefore the only components of these vectors are the possible remainders when an integer is divided by the modulus.  Since addition and multiplication over Zm results in an integer modulo m (i.e. the possible remainders), Zm is closed with respect to these operations. 

Example 1: Addition and multiplication tables for Z4
	+
	0
	1
	2
	3

	0
	0
	1
	2
	3

	1
	1
	2
	3
	0

	2
	2
	3
	0
	1

	3
	3
	0
	1
	2

	*
	0
	1
	2
	3

	0
	0
	0
	0
	0

	1
	0
	1
	2
	3

	2
	0
	2
	0
	2

	3
	0
	3
	2
	1



Example 2: [2, 0, 3, 2] ( ([3, 1, 1, 2] + [3, 3, 2, 1]) in Z

3.  Solving Systems of Equations over Zp

When p is a prime number the fields Zp and R share similarities, such as the ability to carry out the operations of addition and multiplication. Linear systems can be solved over the field Zp.

Example 3: Solve the following system of equations over Z3.

x + y      = 1

      y + z = 0

x       + z = 1

4. Eigenvalues over Zp

Eigenvalues and eigenvectors for a matrix can also be solved over the field Zp.  The components of a matrix over Zp are the integers modulo p.

Example 4: Find the eigenvalues over Z3 for the following matrix:



5. Applications: Binary 

Definition: A binary vector has components that are integers modulo 2.  Binary vectors are over the field Z2 and therefore have components in the set {0,1}.  These vectors can be given a length n.
n


m





4


4





3    1


1    3








