
Math 12 0 Sp ring 2 001Class5: Friday Fe brua ry 02
R ie m ann Sum sandThe De n̄ite Inte gr al

W e have be e n using R ie m ann sum sto estim ate the solution to p roble m slike the following:

Distance Travelled

A drive r a p p liesthe brakes,bringing the ca r to a haltin 6 se conds.Sup p ose the sp e edv(t)ofthe ca r
isinitially 100 ft/se c anddeclinesasthe brakesar e a p p lied.Ifthe sp e edisre cordedat1sec inte rvals
afte r braking be gins,w rite sum sfor an unde r estim ate andan ove r estim ate ofthe distance travelledby
the ca r during these 6 se conds.

< D istance <

A sthe num be r oftim e sthe sp e edisre co rdedincr e asesso thatthe inte rvalbetwe e n re co rding tim es
decre ases,whathap p e nsto the di®e r e nce be tw e e n the co r r esp onding ove r-andunde re stim ating sum s?

W hy?

R ie m ann Sum s

Sup p ose a function fisde n̄edon an inte rvala· t · b.Sup p ose the inte rvalisdividedup into n
subinte rvalsofle ngths¢ t1;:::;¢ tn.Sup p ose tk isa p ointchose n fro m the subinte rval¢ tk for e ach
k = 1;2 ;:::;n.A R ie m ann sum for fon the inte rval[a;b]isa sum ofthe for m

nX

k=1

f(tk)¢ tk = f(t1)¢ t1+ f(t2)¢ t2 + ¢¢¢+ f(tn)¢ tn:

Ifthe lefte ndp ointofe ach subinte rvalischose n,the R ie m ann sum isa le ft-handsum .
Ifthe righte ndp ointofe ach subinte rvalischose n,the R ie m ann sum isa right-handsum .

In m aking an e stim ate in the fo rm of a R ie m ann sum ,why m ightyou wantsubinte rvalsofdi®e r e nt
sizes?

W hy m ightyou wantto be able to cho ose the sam p le p ointtk anywhe re within the subinte rval¢ tk?

To im p rove the a p p r oxim ation give n by a R ie m ann sum ,you willwantto letthe num be r n ofsubinte rvals
incr e ase,taking the lim itasn ! 1.A syou do so,you willalso wantto m ake sur e that

lim
n! 1 m ax

k=1;:::;n
f¢ tkg= 0:

W hy?



De n̄ition: (De n̄ite Inte gral)

Sup p ose [a;b]isa boundedinte rvalandfisboundedon [a;b].Give n n,sup p ose [a;b]issubdivided
into n subinte rvalsofle ngths¢ t1;:::;¢ tn.Lettk be a sam p le p ointin the kth subinte rval.The n the
de n̄ite (R ie m ann)inte graloffon [a;b]isde n̄edas

Z b

a
f(t)dt := lim

n! 1

nX

k=1

f(tk)¢ tk;

p r ovidedthislim ite xists,doesnotde p e ndon how sam p le p ointsar e chose n within subinte rvals,and
istake n so thatthe subinte rvalle ngthsshrink to ze ro asn ! 1.Ifthisinte grale xists,fissaidto be
(Rie m ann)integrable on [a;b].The num be r \a" issaidto be the lowe r lim itofthe inte graland\b" is
saidto be itsup p e r lim it.

Use the de n̄ite inte gralnotation to w rite the distance travelledby the car in te r m softhe ca r'ssp e ed.

R e p r e se ntation ofa De n̄ite Inte gralas\SignedA r e asUnde r the Curve "

So far w e have e xa m inedsum sassociatedwith p ositive functions,thatis,functionsthatalwaysassum e
p ositive values.W e have se e n iff(x )¸ 0 ove r an inte rvalofinte r est,the n the a re a betwe e n the grap h
offandthatinte rvalon the axiscan be estim atedby sum m ing ofte r m softhe fo r m f(x )¤¢ x .This
sum isa R ie m ann sum fo r f,andsince in the ap p r op riate lim it,the R ie m ann sum ap p r oachesboth the
a r e a unde r the curve andthe de n̄ite inte gral,we m ay inte r p r etthe de n̄ite inte gralasan ar e a unde r
a curve.

Howe ve r,our de n̄ition ofthe de n̄ite inte graldidnotre q uir e thatthe function f(x )be p ositive.A t
tim eswe ne edto conside r functionswhich ar e e ntirely negative or w hich assum e both p ositive and
ne gative values.In such cases,we m ay stillre p re se ntthe de n̄ite inte gralasan ar e a,butwe m ustadd
the q ualīcation thatitisa signeda r e a :

Ifa function isalwaysne gative,the n itsde n̄ite inte gralisne gative.In fact,the absolute value ofthe
de n̄ite inte gralisp r e cisely the ar e a trap p edbetwe e n the gra p h ofthe function f(x )andthe x-axis.
The the ne gative sign indicatesthatthe r e gion isbelow the x-axis.

W he n f(x )isp ositive for som e valuesof x andne gative for othe rs,anda< b,the n
Z b

a
f(x )dx

isthe sum ofthe a re asabove the x-axis,countedp ositively,andthe a r e asbelow the x-axis,counted
ne gatively.

E xam p le : Use thisge o m etric inte r p r etation to show that
Z a

¡a
x dx = 0:

E xam p le : Use the ge o m etric inte r p r etation ofthe de n̄ite inte gral,along with a gra p h of x 3 ¡ 1,to

dete r m ine w he the r
Z 2

¡1
(x 3 ¡ 1)dx isp ositive o r ne gative.


