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R on B uckm ir e
A lan K no e r r

Conve rge nce Te stsfor In n̄ite Se rie s

Today w e a r e going to lo ok ata fe w di®e r e nttestsfo r conve rge nce ofan in n̄ite se rie sofnum be rs.
W e willtry to fa m iliarize ourse lveswith m ethodswhich dete r m ine w he the r a p a rticula r in n̄ite
se rie sconve rge s.

SE CTIO N A : W a r m -Up

In De rive w e can e xp r e ssa sum in two di®e r e ntways.

I.O ne w ay thatwe can de n̄e a sum ,whe the r in n̄ite o r n̄ite,isto use the C alculusandSum
op tions.Having chose n the se op tions,the com p ute r willask you fo r a fe w p ie ce sofinfor m ation:
(1)the e xp r e ssion to be sum m ed(typ e in \k 2 "){r e m e m be r thisr e p r e se ntsa listofnum be rs,the r e
isno \function variable " he r e ; (2 )the va riable ofsum m ation {thisisN O T a va riable inside the
sum ,itisthe variable w hich is\counting" through the inte ge rsfor you (typ e in \k"); (3)the low e r
lim it(typ e in \1"); (4)andthe up p e r lim it(typ e in \3").W he n you hitO K you shouldse e this
sum w ritte n outfor you.W rite outthissum andcalculate itbe for e you askthe com p ute r to do it.

3X

k=1
k 2 =

Tellthe com p ute r to ap p r oxim ate itor sim p lify it.Do you ge tthe sam e r e sult? You should.

II.A se condway thatw e can de n̄e a sum isby A uthoring the sum ourse lve s.A uthor the following:

SUM (k,k,1,3 )

SUM (1/k2,k,1,3 )

Do you se e the p atte rn? You can also A uthor a function involving a sum .Make sur e you use :=
notjust= (itm e ansyou ar e \de n̄ing",o r \assigning to" the function S (n)).

S(n):= SUM(k,k,1,n )

Do you se e w hatitdoes? W hatisS(3)? A fte r you ḡur e itout,A uthor S(3)andaskthe co m p ute r
to Sim p lify it.
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Thislastway ofde n̄ing the sum asa function ofn m ay se e m tedious,butifyou have to sum up
the sam e thing ove r andove r andove r again,justchanging the up p e r lim ite ach tim e,the n thisis
a gr e atway to do it!

You can also ask De rive to solve the p r oble m dire ctly by p utting in the sum an up p e r lim itof1
by typ ing in \inf". Do thisandse e w hatthe com p ute r givesyou,both sym bolically andasan
ap p r oxim ation.(Un)fortunately the com p ute r willnotalwaysgive you a m e aningfulanswe r ifyou
p utthe up p e r lim itasin n̄ity,so you m ay have to use othe r m e thodsto dete r m ine conve rge nce of
the se rie syou ar e inte r e stedin.

SECTIO N B : C onve r ge nce Te sts

I.The \Ze r o-Lim it" Te stfor Dive r ge nce

Iflim n! 1 an 6= 0 (or doe snote xist)the n the se ries
X1

k=1
ak = a1+ a2 + a3 + a4+ :::

dive r ge s.

W e can r e p hr ase thisas: IT IS TR UE thatif
X1

k=1
ak CO N V E R GE S,the n lim n! 1 an = 0.

Do you se e w hy this\r e p hr asing" isre ally saying the e xactsam e thing asitsp r e viousse nte nce ?

B utIT IS N O T TR UE thatiflim n! 1 an = 0the n
X1

k=1
ak ne ce ssarily CO N V E R GE S.

II.Inte gr alTe stfor Conve rge nce andDive r ge nce

Thistestr e latesfactsaboutim p r o p e r inte gralsto factsaboutin n̄ite se rie s.

Sup p ose f(x )isa continuousandde cr e asing function andf(x )> 0 fo r allx ¸ 1:Let
ak = f(k).THE N
(a)Ifthe

Z 1

1
f(x )dx CO N V E R GE S,the n the in n̄ite se ries

X1
k=1

ak CO N V E R GE S.

(b)Ifthe
Z 1

1
f(x )dx DIV E R GE S,the n the in n̄ite se ries

X1
k=1

ak DIV E R GE S.

De n̄ition For p > 0the in n̄ite se rie s
X1

k=1

1
k p iscalleda p-se ries.

Ifone a p p liesthe inte gr altestto the p -se rie sthe n

if p · 1,the n p-se rie s
X1

k=1

1
k p DIV E R GE S.

Ifp >1,the n the p -se rie s
X1

k=1

1
k p CO N V E R GE S.
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III.Com p a rison Te stfor C onve r ge nce andDive r ge nce

(a)If0· bk · ak for e ach k and
X1

k=1
ak conve rge s,the n

X1
k=1

bk also C O N V E R GE S.
(b)If0· ak · ck for e ach k and

X1
k=1

ak dive rges,the n
X1

k=1
ck also DIV E R GE S.

IV .A lte r nating Se rie sTe st

De n̄ition A n in n̄ite se riesissaidto be an alte r nating se rie sifithasthe fo r m
X1

k=1
(¡1)kak

or
X1

k=1
(¡1)kak whe r e a1;a2 ;a3;:::ar e allp ositive num be rs.

Ifa1;a2 ;a3;:::;ak;:::isa se q ue nce ofdecr e asing p ositive num be rssuch thatlim n! 1 an =
0the n the alte rnating se rie s

X1
k=1

(¡1)k+1ak CO N V E R GE S.

V .A bsolute R atio Te st(Skip for today.It'she r e fo r futur e r e fe r e nce .)

For any in n̄ite se rie s
X1

k=1
ak,if

lim
n! 1

¯̄
¯̄an+1
an

¯̄
¯̄= L < 1

the n
X1

k=1
ak CO N V E R GE S.

IfL >1or ifjak+1=akjdoesnote xist,the n
X1

k=1
ak DIV E R GE S

IfL = 1the te stisIN C O N CLUSIV E.

SE CTIO N C : E xam p le sGalor e

N ow thatw e have listeda num be r oftestsfor conve rge nce,the p ointofthislab isto have you
conside r the following in n̄ite se riesandtry anddete r m ine w he the r the y conve rge o r not.

Dire ctions: For e ach ofthe following se ries,do the following:

² W rite outthe r̄stfe w (about3)te r m softhe se rie s

²dete r m ine w hatkindofse rie sitis(alte rnating,incr e asing,decr e asing,p ositive,etc)

² A p p ly Te stI.fo r Dive rge nce on the se ries(Ze r o-Lim ittest)

² Se e ifDerive can he lp you dete r m ine the conve rge nce dire ctly

² Dete rm ine conve rge nce by using one ofthe othe r te sts
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1.
1X

k=1
4

2 .
1X

k=1

(¡1)k
k

3.
1X

k=1

2 k

k 2

4.
1X

k=1

1
k 2
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5.
1X

k=1

(¡1)kp
k + 5

6 .
1X

k=1
k1:4141

7 .
1X

k=1

2
k 2 + 1

8.
1X

k=1

2
k(k + 1)
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9.
1X

k=1

ln(k)
k3

10.
1X

k=1
(¡1)k+1 k

k + 1

11.
1X

k=1

1
2 k

12 .
1X

k=1
k cos(k¼)

B O N US W rite -up : W rite up ve ry ne atsolutionsto the above tw e lve (12 )p r oble m s.You should
discussyour r e sults.You shouldtry to m ake conne ctionsbe tw e e n the variousse rie sifyou can.You
shouldtry to think aboutwhatm ake san in n̄ite se riesconve rge o r notconve rge .

Due : O ne w e e k fr om today,in lab: A p ril2 5/2 6 .
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