
Math 12 0 Lab 3: Le ngth asan A p p lication ofInte gr ation Sp ring 2 001

Conside r the grap h off(x )=
p
4¡ x 2 fo r x 2 [0;2 ]below.

1.Setup . TA BLE W O R K

R e callthatthiscurve issim p ly one q ua rte r ofthe circle with radiusr= 2 ce nte r edat(0;0).In the
r̄stlab,w e saw thatthe a r e a in the r̄stq uadrantunde r thiscurve w ase q ualto ¼.W hy isthe
le ngth ofthe curve above also e q ualto ¼?

W e can calculate le ngthsofcurvesby successive ap p roxim ationsusing the distance for m ula.Ifw e
p a rtition the inte rval[0;2 ]into N e q ualp ie ces,e ach with length ¢ x ,andco rr esp onding change in
outp utvalue ¢ yk = f(tk¡1)¡ f(tk),the n

LE N GTH ¼
NX

k=1

q
(¢ x )2 + (¢ yk)2 :

In orde r to ve rify thisto the satisfaction ofe ve ryone in the group ,on the p icture above,bre ak up
the inte rval[0;2 ]into four p ie ces,anddraw the four straightse cantlineson the gra p h ofthe q uarte r
circle you w oulduse to a p p roxim ate the le ngth ofthe curve.T he n w rite outandcom p ute the sum
P4

k=1

q
(¢ x )2 + (¢ yk)2.



2 . CO MPUTER W O R K
T he p rogram LEN GTH.TR U calculatesthe a p p roxim ation on the p r e viousp age. Findthis
ap p roxim ation using the p rogra m .You m ustadjustthe p rogram by de n̄ing the function f,giving
the dom ain ofthe function,andtelling itto use n = 4ste p s.

N ow n̄dthe le ngth off(x )=
p
4¡ x 2 on the inte rval[0;2 ]accurate to four de cim alp laces.You

willne edto adjustthe num be r ofste p s,n,untilyou conve rge to thre e de cim alp lacesofaccuracy.
Give your a p p roxim ate le ngth aswellashow m any ste p syou usedto getthis.(N ote : O rganizing
your w ork into a table m ay help you se e the conve rge nce to four de cim alp laces.)



3. TA BLE W O R K

Conve rting to a R ie m ann Sum .T he sum
NX

k=1

q
(¢ yk)2 + (¢ x k)2 isN O T a R ie m ann sum .Do

you know w hy?

W e willnow \conve rt" the sum
NX

k=1

q
(¢ yk)2 + (¢ x k)2 into a R ie m ann sum .In fact,w e willuse the

m icrosco p e e q uation ¢ y¼ f0(a)¢ x to do so!

The Microscop e E q uation
Conside r a function f(x )andthe p ointA (a;(f(a))on the grap h.Ifw e w antto know the function
value atsom e p ointB (b;yb),near A ,aslong asthe function isdi®e re ntiable (locally line a r)at
A w e can assum e thatthe function can be ap p roxim atedby the tange ntatA andthusgetan
ap p roxim ation fo r the e xactvalue ofthe function atbin te rm sofa,f(a)andbcan be obtainedby
e valuating the tange ntline atx = b.W e'llcallthisap p roxim ation fo r f(b)the value yb

E q uation oftange ntline at(a;f(a))is:

y= f(a)+ f0(a)(x ¡a)

V alue ofthe tange ntline atx = bis:

f(b)= f(a)+ f0(a)(b¡a)

B ut
yb¼ f(b)

so,
yb¡ f(a)¼ f0(a)(b¡a)

Ifw e think of(b¡a)asa change in x ,i.e.¢ x andyb¡ f(a)asa change in y,i.e.¢ yw e getw hat
isknow n asthe m icroscop e e q uation:

¢ y¼ f0(a)¢ x

Fillin allthe m issing p ie cesbelow :

LE N GTH ¼
NX

k=1

q
(¢ x k)2 + (¢ yk)2

²Since the m icroscop e e q uation ¢ y¼ f0(a)¢ x tellsusthatfor sm all¢ x ,the co r r esp onding ¢ yis
ap p roxim ately e q ualto f0(a)¢ x ,w e shallre p lace ¢ yk with f0(x k)¢ x .N ote thatx k isour choice of



sam p ling p oint.Do so below :

LE N GTH ¼
NX

k=1

q
(¢ x )2 + ( )2

²Factor (¢ x )2 outofthe radical.B e car e fulto se e you ar e r e m oving itfro m both te rm sandbe
car e fulaboutw hatgo esoutside the radicalnow.

LE N GTH ¼
NX

k=1

q
( )+ ( )2 ( )

²You shouldnow have a R ie m ann sum ,
NX

k=1
g(x k)¢ x ,whe r e the function w e ar e sum m ing is

g(x )=
q
( );

w he r e fisthe function,the a rcle ngth ofw hich w e w antto n̄d.E xp lain w hy w e have conve rtedit
into the fo r m ofa R ie m ann sum .R EMA R K : B e sure you unde rstandthatthisisa R ie m ann sum
using g,N O T fitself.

W e conclude that

Le ngth = lim
N ! 1

NX

k=1

q
1+ [f0(x k)]2 ¢ x =

Z b

a

q
1+ [f0(x )]2 dx :

B efo re m oving backto the co m p ute r,let'ssetup the R ie m ann sum w hich w e obtainedbackin p art
3 to n̄dthe le ngth off(x )=

p
4¡ x 2 on the inte rval[0;2 ].

f0(x )=

g(x )=
q
[f0(x )]2 + 1=

Sim p lify the function g(x )above (using alge bra)asm uch asp ossible be fo r e p utting the function in
the R ie m ann sum below :

LE N GTH ¼
NX

k=1
g(x k)¢ x k =



4.CO MPUTER W O R K
(a)Use R IEMA N N .TR U with the a p p ro p riate function,g(x )above,the a p p ro p riate inte rval,
andthe le fte ndp ointsam p le p oints,x k = a+ (k ¡ 1)¢ x (or asthe com p ute r hasit,LE T x = a +
k*Delta x -(1)*Delta x).Calculate thislength to thre e de cim alp lacesofaccuracy.W hatdo you
getasthe le ngth andhow m any subinte rvalsdidthisre q uire ? W hy do you think itre q uiredsuch
a n̄e p a rtition (so m any sm allste p s)? (Hint: Lo ok atthe function you're taking a R ie m ann sum
ove r (N O T f!).)

(b)Try running the p rogram w ith sam p le p ointson the rightofe ach inte rval,x k = a+ k¢ x ,and
try to obtain the le ngth to thre e decim alp laces.W hatha p p e nshe r e andwhy didithap p e n?

(c)Try running the p rogram with sam p le p ointsin the m iddle ofe ach inte rval,x k = a+k¢ x ¡0:5¢ x ,
andtry to obtain the le ngth to thre e decim alp laces.

(d)T hink of an e xp lanation for the di®e re nce in resultsyou getw he n you use di®e re ntsam p le
p oints.


