
Math 12 0 FirstExam R e vie w Sp ring 2 001

De n̄ite Inte gr als

Many scie ntīc p r oble m scan be solvedby the following strate gy:

Subdivide-A p p r oxim ate-A ccum ulate -R e n̄e

E xa m p lesw e have studiedinclude dete rm ining a re a,volum e ,distance traveled,hum an
wo rkdone ande lectricale ne rgy consum ed.LetQ be such a q uantity.O fte n the subdivi-
sions¢ Qk can be a p p roxim atedby te rm softhe for m

¢ Qk ¼ f(tk)¢ tk; a· t0 < ¢¢¢< tn · b; ¢ tk = tk ¡ tk¡1;

with f atle astpiece wise continuous on the inte rval[a;b]. For volum e,fisthe cross-
se ctionala re a asa function ofdistance from the e ndofthe obje ct; for distance trave led,
fisthe velocity asa function oftim e ; for hum an w ork done,fisthe sta±ng le velasa
function oftim e ; andfor ele ctricale ne ry consum ed,fisthe ele ctricalp ow e r asa function
oftim e .

A ccum ulating these subdivision ap p r oxim ationsyieldsa R ie m ann sum .The sum isa
le ft-handsum (LHS)iffisevaluatedatthe le ft-e ndp ointof e ach subinte rval. Itisa
right-handsum (R HS)iffise valuatedatthe right-e ndp ointofe ach subinte rval.(Ifthe
function ise valuatedatothe r p ointsin the subinte rvalno sp e cialnam e isgive n to the
R ie m ann sum .)

(LHS):
n¡1X

k=0

f(tk)¢ tk; (R HS):
nX

k=1

f(tk)¢ tk; a· t0 < ¢¢¢< tn · b:

Iffisp ie ce wise continuousand/or m onotone,re n̄ing the subdivisionsso that¢ tk ! 0
asn ! 1 causesthese sum sto conve rge to the sa m e value,a de n̄ite inte gr al:

lim
n! 1

n¡1X

k=0

f(tk)¢ tk = lim
n! 1

nX

k=1

f(tk)¢ tk =
Z b

a
f(t)dt:

A use fulinte r p r e tation ofthisde n̄ite inte gr alisasthe signedare a betw e e n the gr ap h of
f(t)andthe t axisove r the inte rval[a;b].A r e a be low the axisisre ga rdedasne gative in
thisinte rp r e tation.

fism onotone incr e asing on [a;b]ifitdo esnotdecre ase on thisinte rval.In thiscase,

LHS ·
Z b

a
f(t)dt· R HS and jR HS ¡ LHSj= jf(b)¡ f(a)j¢¢ t; ¢ t= (b¡a)=n:

fism onotone de cr e asing on [a;b]ifitdoesnotincre ase on thisinte rval.In thiscase,

R HS ·
Z b

a
f(t)dt· LHS and jR HS ¡ LHSj= jf(b)¡ f(a)j¢¢ t; ¢ t= (b¡a)=n:

T husthe accur acy ofR ie m ann sum a p p roxim ationsto inte gr alsofm ontone functionsand
the num be r n ofsubdivisionsne ededto achie ve a ce rtain accur acy can be calculated.



Using both the de n̄ition andge om etricinte r p r e tations,itise asy to establish the following
p r o p e rtiesofde n̄ite inte gr als:
Z b

a
f(t)dt+

Z b

a
g(t)dt=

Z b

a
f(t)+ g(t)dt;

Z b

a
f(t)dt+

Z c

b
f(t)dt=

Z c

a
f(t)dt;

Z b

a
c¢f(t)dt= c¢

Z b

a
f(t)dt; constantc;

Z a

b
f(t)dt= ¡

Z b

a
f(t)dt

A ccum ulation Functionsandthe Fundam e ntalThe o r e m ofC alculus(FTC)

A de n̄ite inte gr ale valuatesto a single num be r.How e ve r,ifw e allow the up p e r lim itof
the inte rvalofinte gr ation to va ry w e geta function calledan accum ulation function:

F (T )=
Z T

a
f(x )dx :

T hinking aboutR ie m ann sum a p p roxim ationsto the inte gr alwith x̄edT ,itise asy to
se e thatF (T + ¢ T )¡ F (T )¼ f(T )¢ T .From thisfollowsone ve rsion ofthe FTC :

F 0(T )=
d
dT

ÃZ T

a
f(x )dx

!
= f(T ); iffiscontinuousatT .

O bse rving thatF (a)= 0,we have anothe r ve rsion ofthe FTC :

y(T )=
Z T

a
f(t)dt isthe solution of

½
y0(T )= f(T )
y(a)= 0

p rovidedfiscontinuousatT .
Thisthe or e m isalso illustratedby looking ca r e fully atE ule r'sm ethodfor thisinitial

value p r oble m andleft-handR ie m ann sum sfor the accum ulation function. The y a r e
ide ntical!

A ntide rivativesandthe Fundam e ntalThe o r e m ofC alculus

IfF 0(x )= f(x ),the n F issaidto be an antide rivative off.The antide rivative offis
notuniq ue,buttwo such antide rivativesdi®e r only by an addedconstant.The lastve rsion
ofthe FTC statesthatifF isan antide rivative off,the n

Z b

a
f(t)dt= F (b)¡ F (a):

A n antide rivative of a continousfunction f can alwaysbe w ritte n asan accum ulation
function.W hile thiscan alwaysbe a p p roxim ately e valuatednum e rically,itissom etim es
p ossible to n̄da for m ula for an antide rivative in closedform . In se e king closedfor m s
r e m e m be r the following: Eve r y di®e r e ntiation rule im p liesan antidi®e r e ntiation
r ule .

T husthe basic de rivative form ulasyou know w ellp r ovide basic antide rivative for m ulas.
More com p licatedfor m ulasa r e foundin tablesor through sym bolic com p uting p ackages
like De rive .


