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Line ar FunctionsofTwo V ariables

De n̄ition: z= f(x ;y)isa line ar function oftwo va riablesifitsatis̄ es:

¢ z= p ¢ x + q¢ y; p andq constant
z¡ z0 = p(x ¡ x 0)+ q(y¡ y0)

The de n̄ition ofa line a r function oftwo va riablesisjustan e xte nsion ofthe de n̄ition
ofa line a r function ofone va riable.Many othe r fe atur esofline a r functionsofone andtwo
variablesar e also sim ilar :

O ne V a riable T wo V ariables

InitialV alue Form : ¢ y= m¢ x ¢ z= p ¢ x + q¢ y
y¡ y0 = m¢(x ¡ x 0) z¡ z0 = p ¢(x ¡ x 0)+ q¢(y¡ y0)

y(x 0)= y0 z(x 0;y0)= z0

Inte rce p tForm : y= mx + b z= p x + qy+ r

Constant
R atesofChange : dy=dx = m @z=@x = p ; @z=@y= q

Plots: gr ap h isa surface gr ap h isa p lane
line

contour p lotwith e q ually sp acedle vels
has(e q ually sp aced)p a rallellines,
p rovidednotboth p = 0,q = 0.

slop e oflinesin contour p lotis

¢ y=¢ x = ¡p =q

E xam ple

1.W rite the line a r function satisfying ¢ z= 4¢ x + 4¢ y;z(2 ;2 )= 8,in inte rce p tfor m .
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LocalLine arity

De n̄itions: z= f(x ;y)islocally linea r at(x ;y)= (x 0;y0)ifthe surface gra p h a p -
p roache sa p lane asyou zo om in on the p oint(x 0;y0;f(x 0;y0)).Thisp lane iscalledthe
tange ntplane to the gr ap h atthisp oint. The e q uation ofthisp lane ap p roxim atesthe
function ne a r (x 0;y0).W he n com p a ring change son the the tange ntp lane with changes
on the function gra p h,w e ofte n w rite incre m e ntson the tange ntp lane asdi®e re ntials.

Localline a rity for a function oftwo va riablesisan e xte nsion ofthisconce p tfor a
function ofone va riable :

O ne V a riable T wo V ariables

E q uation for Tange nt: dy= mdx dz= p dx + qdy
(InitialV alue For m ) y¡ y0 = m¢(x ¡ x 0) z¡ z0 = p ¢(x ¡ x 0)+ q¢(y¡ y0)

m = f0(x 0) p = fx (x 0;y0); q = fy(x 0;y0)
y0 = f(x 0) z0 = f(x 0;y0)

Microscop e
A p p roxim ation: ¢ y¼ m¢ x ¢ z¼ p ¢ x + q¢ y

f(x )¡ y0 ¼ m¢(x ¡ x 0) f(x ;y)¡ z0 ¼ p ¢(x ¡ x 0)+ q¢(y¡ y0)

Zoom ing In: gr ap h a p p roache s surface gr ap h a p p roache s
tange ntline tange ntp lane

contour p lotap p r oaches
contour p lotoftange ntp lane
(iftange ntp lane nothorizontal)

slop e ofline tange ntto le velcurve at(x 0;y0):

dy=dx = ¡p =q = ¡fx (x 0;y0)=fy(x 0;y0)

E xam ple

2 .z= f(x ;y)= x 2 +y2 islocally line a r at(x 0;y0)= (2 ;2 ).W rite the e q uation,in initial
value for m ,ofthe p lane tange ntto the surface gra p h off at(x 0;y0;z0)= (2 ;2 ;8).
A lso w rite the Microscop e A p p r oxim ation for f ataboutthe p oint(x 0;y0)= (2 ;2 ).
Com p a r e f(2 :01;1:95)with the a p p roxim ate value obtainedusing the Microscop e
A p p r oxim ation.
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Le ve lSe tsandContour Plots

De n̄ition: T he le ve lsetatle ve lc for a function z= f(x ;y)oftwo va riables,whe r e
c isa constant,isthe set

f(x ;y)2R 2 jf(x ;y)= cg:
N otice thatthe le ve lsetisa subsetofthe dom ain off.Itisalso p ossible thatfor som e
le velc the le velsethasno ele m e ntsatall(ise m p ty).Ifthe le velsetisa curve,itisalso
calleda contour curve.Ifitisa line,itisalso calleda contour line.

De n̄ition: A contour p lotfor a function z= f(x ;y)oftwo va riablesisa colle ction
ofle velsetsfor fatce rtain sp e cīedle velsc0,c1,:::.Ifthe le velsetsar e contour curves
or line s,the contour p lotlookslike a top ogra p hic m a p ofthe surface gr ap h.

3.Sup p ose z¡ z0 = p ¢(x ¡ x 0)+ q¢(y¡ y0).Ifp = 0 andq = 0,whatdoesthe surface
gra p h ofthisline a r function lo ok like ? W hatisthe le velsetfor the le ve lc = z0?
W hatisthe le velsetfor any othe r value ofc?

4.Sup p ose thatz= p x + qy+r,with q 6= 0.Findthe e q uation ofthe contour line in the
(x ;y)-p lane with z= c,a constant.W hatisitsslop e ? R e w rite your r e sultin te r m s
ofp a rtialde rivativesofz.
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Exam ples

5.W hatsortofcurve sa r e the contour curvesfor z= f(x ;y)= x 2 + y2 ?

Findandp lotthe contour curvesfor thisfunction atle velsc = 0,1,4,and9.

6 .In p roble m 2 .above,you dete r m inedthe e q uation,in initialvalue for m ,ofthe p lane
tange ntto the surface gr a p h off(x ;y)= x 2 + y2 at(x 0;y0;z0)= (2 ;2 ;8).
W hatisthe slop e ofthe linesin the contour p lotfor thistange ntp lane ?

W hatisthe slop e ofthe line tange ntto the le velcurve p assing through (x 0;y0)= (2 ;2 )
in the contour p lotfor fitself?
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1.(x 0;y0)= (2 ;2 )andz0 = 8. The r e for e z¡ 8 = 4(x ¡ 2 )+ 4(y¡ 2 )w hich im p lies
z= 2 x + 2y¡ 8.

2 .z = f(x ;y) = x 2 + y2 hasp a rtialde rivativesfx (x ;y) = 2 x andfy(x ;y) = 2y.
E valuating at(x 0;y0)= (2 ;2 ),we get p = 2 ¢2 = 4andq = 2 ¢2 = 4. A lso,
z0 = f(x 0;y0)= f(2 ;2 )= 2 2 + 2 2 = 8. The e q uation ofthe tange ntp lane to the
gra p h off(x ;y)atthe p oint(x 0;y0;z0)= (2 ;2 ;8)isthusz¡ 8 = 4(x ¡ 2 )+4(y¡ 2 )in
initialvalue for m .T hus,the Microscop e A p p r oxim ation for fabout(x 0;y0)= (2 ;2 )
is

f(x ;y)¡ 8 ¼ 4(x ¡ 2 )+ 4(y¡ 2 ):
In p a rticula r,f(2 :01;1:95)¼ 4(2 :01¡ 2 )+4(1:95¡ 2 )+ 8 = 7 :84,while f(2 :01;1:95)=
(2 :01)2 + (1:95)2 = 7 :842 6 ifwe com p ute ite xactly.

3.p = 0 andq = 0 im p liesz= z0.The surface gra p h isa horizontalp lane inte rce p ting
the z-axisatthe value z0.The le velsetfor the le velc = z0 isthise ntire p lane.T he r e
a r e no p ointsin the le ve lsetsfor any othe r valuesofc.

4.Ifz= c,the n c = p x + qy+ r.Solving for ywe n̄dy= ¡(p =q)x + (c¡ r)=q,which is
p ossible since q 6= 0.Thisisthe e q uation ofa line in the (x ;y)-p lane with slop e ¡p =q.
N ote thatthisslop e doesnotde p e ndon the value ofc.In te r m sofp a rtialde rivatives
ofz= f(x ;y),the slop e is¡fx (x ;y)=fy(x ;y).

5.The contour curvesofz= f(x ;y)= x 2 + y2 a r e circles(e xce p tthatatc = 0 itisa
single p oint,andfor c < 0 the r e a r e no curves.)

6 .The e q uation for the tange ntp lane (from 2 .)satis̄ es

dz= 4dx + 4dy:

O n a horizontalslice p r oducing a contour line,dz= 0.The r e for e,

0= 4dx + 4dy; so
dy
dx

= ¡4
4
= ¡1

isthe slop e ofthe contour linesfor thistange ntp lane.
The Microscop e A p p r oxim ation for faboutthe p oint(x 0;y0)= (2 ;2 )satis̄ es

¢ z¼ 4¢ x + 4¢ y:

O n a horizontalslice p r oducing a contour line,¢ z= 0.The r e for e ,

0¼ 4¢ x + 4¢ y; so
¢ y
¢ x

¼ ¡4
4
= ¡1:

A sw e zoom in on the p oint(x 0;y0)= (2 ;2 ),the e r r o r in thisap p roxim ation a p -
p r oachesze r o andthe contour curve p assing through thisp ointap p r oachesa line with
slop e dy=dx = ¡1.


