
Math 110 Class36 : Monday N ove m be r 2 0 Fall2 000

FunctionsofTwo V ariables

DEFIN ITIO N :
Sup p ose the value ofan outp utva riable zisuniquely dete rm inedonce the valuesof
two inp utvariable x andya r e give n.The n w e say thatzisa function of x andy.
A swith functionsof one va riable,to sp e cify the function w e ne edto sp e cify the
dom ain,co-dom ain,na m e of the function,andthe rule assigning a unique outp ut
value to e ach inp utp air.

E xam ple
f: R 2 ! R ; z= f(x ;y)= 2 x 2 + 3x y¡4

m e ansthatthe function na m edfhasthe setR 2 of pairsof r e alnum be rsasitsdom ain
andthe setR of r e alnum be rsasitsco-dom ain.The orde r edp air ofinp utva riablesis
na m ed(x ;y).The outp utva riable isnam edz.The rule w hich assignsa value to zgive n
the valuesof x andyis

z= f(x ;y)= 2 x 2 + 3x y¡ 4:

For thise xa m ple...

1.If(x ;y)= (1;2 ),whatisthe value ofz?

2 .Can you n̄da value for x anda value for y w hich m ake z= ¡4? Can you n̄d
m or e than one such p air ofvalues? W hy doesn'tthiscontradictthe claim thatfisa
function (oftwo va riables)?
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Surface Gr ap h for a Function ofTwo V ariables

DEFIN ITIO N :
Sup p ose f:U! V ; z= f(x ;y)isa function oftwo va riables.
The surface gr ap h ofthisfunction isthe set

f(x ;y;z)jz= f(x ;y)and(x ;y)2Ug:

For f: R 2 ! R ; z= f(x ;y)= 2 x 2 + 3x y¡ 4...

3.E xp lain w hy both (x ;y;z)= (1;2 ;4)and(x ;y;z)= (0;0;¡4)ar e in the surface gr a p h
off.

4.Is(x ;y;z)= (1;2 ;5)in the surface gr a p h off? How do you know ?

T he surface gra p h of a function can be p a rtially visualizedby drawing p a rtofitasan
obje ctin 3-sp ace.T hisism oste asily done with with a com p ute r.A p ortion ofthe surface
gra p h of our e xa m p le function,asp lottedby De rive ,isde p ictedbelow. N ote the axes
labelledx ,y,andz.
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V e rticalSlicesfor a Function ofTwo V ariables

It'snottoo e asy to draw surface gr a p hs.Thisissom ething you can le a rn to do syste m -
atically,butthese daysitisofte n e asie r to use som ething like De rive to p roduce such a
gra p h.

A n alte rnative a p p r oach isto vie w the gra p h in slices. In thisclasswe willcon-
side r ve rticalslices.These sliceshave the advantage ofr educing the p r oble m to gra p hing
functionsofone va riables.

DEFIN ITIO N :
Sup p ose f:U! V ; z= f(x ;y)isa function oftwo va riables.

The ve rticalslice off along x ,holding y= bisthe function

g(x )= f(x ;b); p rovided(x ;b)2U .

Sim ilarly,the ve rticalslice off along y,holding x = aisthe function

Á(y)= f(a;y); p rovided(a;y)2U .

For f: R 2 ! R ; z= f(x ;y)= 2 x 2 + 3x y¡ 4...

5.The ve rticalslice offalong x ,holding y= 3 is

z= f(x ;3)= 2 x 2 + 3x ¢4¡ 4= 2 x 2 ¡ 12 x ¡ 4:

Findthe ve rticalslice offalong x ,holding y= 0:

6 .T he ve rticalslice offalong y,holding x = ¡1is

z= f(¡1;y)= 2 (¡1)2 + 3(¡1)y¡ 4= ¡3y¡ 2 :

Findthe ve rticalslice offalong y,holding x = 5=2 :
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PartialDe rivative sfor a Function ofTwo V ariable s
Ifyou a r e ata give n p oint(a;b)in the dom ain ofa function oftwo va riable,the r e a r e

in ge ne r alin n̄itely m any di®e re ntdirectionsone couldm ove andstillbe in the dom ain of
the function.You can se e k the rate ofchange ofthe function asyou m ove in any ofthese
dire ctions.

To ke e p thingssim p le at r̄st,w e willconside r only m oving in dire ctionsp a rallelto the x
or yaxes.

7 .Sup p ose you a r e atthe p oint(a;b)in the dom ain ofa function f(x ;y)oftwo va riables.
Sup p ose you m ove h unitsp a r allelto the x axis.W hatisthe x -coordinate ofthe p oint
you a r e atthe n? Hasthe y-coordinate changed? W hatisit?

The ave rage rate ofchange offbetwe e n these two p ointsis

f(a+ h ;b)¡ f(a;b)
h

:

Ifw e leth ge tsm alle r andsm alle r,the p oint(a+ h;b)ap p r oachesthe p oint(a;b).Ifthe
di®e re nce q uotie ntabove ap p roachesa de n̄ite lim itash ! 0,the n w e de n̄e thatas:

DEFIN ITIO N :
The p a rtialde rivative offwith r e sp e ctto x ,atthe p oint(a;b),isde n̄edas
the following lim it,ifite xists:

lim
h! 0

f(a+ h ;b)¡ f(a;b)
h

:= fx (a;b)=
@f
@x
(a;b):

Sim ilarly,the p artialde rivative offwith r e sp e ctto y,atthe p oint(a;b),is
de n̄edasthe following lim it,ifite xists:

lim
k! 0

f(a;b+ k)¡ f(a;b)
k

:= fy(a;b)=
@f
@y
(a;b):

N ote thatthe r e a r e two sortsofnotationscom m only usedfor p a rtialde rivatives.

8.Com p a r e the de n̄itionsoffx (a;b)andfy(a;b).E xp lain w hy fy(a;b)isde n̄edby
conside ring p ointsne a r (a;b)along a line p a rallelto the y-axis.
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Calculating PartialDe rivative s
Fortunately,w e r a r e ly actually have to e valuate a lim itto com p ute a p a rtialde rivative.

Your knowledge ofde rivativesfor functionsofone va riable,along with the ide a ofve rtical
slices,ise nough! R e callthatw e de n̄edthe ve rticalslice off along x ,holding y= b,as
g(x )= f(x ;b).The r e for e,

fx (a;b)= lim
h! 0

f(a+ h;b)¡ f(a;b)
h

= lim
h! 0

g(a+ h)¡ g(a)
h

= g0(a):

T O CO MPUTE fx (a;b),JUST DIFFE R E N T IA T E f(x ;y)W ITH R E SPE CT T O x ,re-
ga rding itasa function of x only (i.e.TR E A T IN G y A S IF IT W E R E A CO N STA N T),
the n e valuate the r esultatx = a,y= b.

Sim ilarly,we de n̄edthe ve rticalslice offalong y,holding x = a,asÁ(y)= f(a;y).
The r e for e,

fy(a;b)= lim
k! 0

f(a;b+ k)¡ f(a;b)
k

= lim
k! 0

Á(b+ k)¡ Á(b)
k

= Á0(b):

T O CO MPUTE fy(a;b),JUST DIFFE R E N T IA T E f(x ;y)W ITH R E SPECT T O y,re-
ga rding itasa function ofyonly (i.e.TR E A T IN G x A S IF IT W E R E A CO N STA N T),
the n e valuate the r esultatx = a,y= b.

E xam ple : For f: R 2 ! R ; z= f(x ;y)= 2 x 2 + 3x y¡ 4...
9.Findthe following p a rtialde rivatives:

fx (2 ;3)

fy(2 ;3)

fx (a;b)

fy(a;b)

fx (x ;y)

fy(x ;y)
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A nswe rsandSolutions

1.f(1;2 )= 2 ¢12 + 3¢1¢2 ¡ 4= 4

2 .The e q uation ¡4= z= f(x ;y)= 2 x 2 + 3x y¡ 4can be solvedby setting x = 0 and
y¡ 0.Itcan also be solvedby setting x = 0 andp icking any value for y.Thisdoes
notviolate the condition for fto be a function: for e ach inp utorde r edp air (x ;y),
the r e isa uniq ue outp utvalue z.Itjusthap p e nsthatm or e than one inp utorde red
p air cor r e sp ondsto the sa m e outp utvalue z= ¡4.

3.The p oint(x ;y;z)= (1;2 ;4)ison the surface gra p h ofz= f(x ;y)= 2 x 2 + 3x y¡ 4
be cause 4= 2 ¢12 + 3¢1¢2 .Sim ilarly,the p oint(x ;y;z)= (0;0;¡4)ison the surface
gra p h ofz= f(x ;y)= 2 x 2 + 3x y¡ 4be cause ¡4= 2 ¢02 + 3 ¢0¢0¡ 4.

4.Since 5 6= 4= 2 ¢12 + 3 ¢1¢2 = f(1;2 ),the p oint(x ;y;z)= (1;2 ;5)isN O T on the
surface gr a p h off.

5.The ve rticalslice off= 2 x 2 + 3x y¡4along x ,holding y= 0,is

f(x ;0)= 2 x 2 + 3x ¢0¡ 4= 2 x 2 ¡4:

6 .T he ve rticalslice off= 2 x 2 + 3x y¡4along y,holding x = ¡1,is

f(¡1;y)= 2 ¢(¡1)2 + 3 ¢(¡1)¢y¡ 4= ¡3y¡ 2 :

7 .In m oving h unitsp a r allelto the x -axisfrom the p oint(a;b),you m ove to the p oint
(a+ h ;b).The x -coordinate ofthisp ointisa+ h w hile the y-coordinate isb,the sa m e
asthe y-coordinate ofthe originalp oint.

8.In de n̄ing fy(a;b),we conside r p oints(a;b+ k)which lie along a line p a rallelto the
yaxis.

9.For f: R 2 ! R ; z= f(x ;y)= 2 x 2 + 3x y¡ 4...
fx (x ;y)= 4x ¡ 3y, fy(x ;y)= 3x ,

fx (a;b)= 4a¡ 3b, fy(a;b)= 3a,

fx (2 ;3)= 4¢2 ¡ 3 ¢3 = ¡1, fy(2 ;3)= 3 ¢2 = 6 .


