
Math 110 Class2 0: Friday O ctobe r 13 Fall2 000

The Pr oductandQ uotie ntR ules

W a r m -Up

R e callthatby Taylor'sThe or e m ,iffisdi®e r e ntiable ata,the n

f(x )= f(a)+ f0(a)(x ¡a)+ E (x ):

1.W hata r e the valuesofthe following lim its?

lim
x ! a

E (x )= lim
x ! a

E (x )
x ¡a

=

THE O R EM: (ProductR ule)Iff andg a r e both di®e re ntiable ata,the n their p r oduct
f¢gisalso di®e re ntiable ataand

(f¢g)0(a)= f0(a)¢g(a)+ f(a)¢g0(a):

Proof: B y Taylor'sThe or e m ,

f(x )= f(a)+ f0(a)(x ¡a)+ E f(x );
g(x )= g(a)+ g0(a)(x ¡a)+ E g(x ):

T he r e for e,

(f¢g)0(a)

= lim
x ! a

f(x )g(x )¡ f(a)g(a)
x ¡a

= lim
x ! a

¡
f(a)+ f0(a)(x ¡a)+ E f(x )

¢
¢(
¡
g(a)+ g0(a)(x ¡a)+ E g(x )

¢
¡ f(a)g(a)

x ¡a

= lim
x ! a

f(a)g(a)+ f0(a)g(a)(x ¡a)+ f(a)g0(a)(x ¡a)¡ f(a)g(a)
x ¡a

+ lim
x ! a

f(a)E g(x )+ g(a)E f(x )+ E f(x )E g(x )
x ¡a

= lim
x ! a

Ã
f0(a)g(a)+ f(a)g0(a)+ f(a)

E g(x )
x ¡a

+ g(a)
E f(x )
x ¡a

+ E f(x )
E g(x )
x ¡a

!

= lim
x ! a

f0(a)g(a)+ lim
x ! a

f(a)g0(a)

+ f(a)¢lim
x ! a

E g(x )
x ¡a

+ g(a)¢lim
x ! a

E f(x )
x ¡a

+ E f(x )¢lim
x ! a

E g(x )
x ¡a

= f0(a)g(a)+ f(a)g0(a):

2 .Give r e asonsjustifying e ach ste p ofthisp roof.
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CO R O LLA RY: (Q uotie ntR ule) Iffandg a r e di®e r e ntiable ata,andifg(a)6= 0,the n
their q uotie ntf=gisalso di®e r e ntiable ataand

³f
g

0́
(a)=

f0(a)g(a)¡ f(a)g0(a)
[g(a)]2

; g(a)6= 0:

Proof: LetQ(x )= f(x )=g(x ). In thisp roof we willassum e thatthe q uotie ntQ(x )is
di®e re ntiable ata.(W e can con r̄ m thisne xtw e e k once w e have the Chain R ule.)The n

Q(x )g(x )= f(x )
Q0(a)g(a)+ Q(a)g0(a)= f0(a)

Q0(a)g(a)= f0(a)¡ Q(a)g0(a)

Q0(a)=
f0(a)¡ Q(a)g0(a)

g(a)

=
³
f0(a)¡ f(a)

g(a)
¢g0(a)

.́
g(a)

=
³f0(a)g(a)¡ f(a)g(a)

g(a)

.́
g(a)

=
f0(a)g(a)¡ f(a)g0(a)

[g(a)]2
:

2 .Give r e asonsjustifying e ach ste p ofthisp roof.

A p p licationsofthe Pr oductandQ uotie ntR ule s

The Powe r R ule

f(x )= x =) f0(x )= 1
f(x )= x 2 = x ¢x =) f0(x )= 1¢x + x ¢1= 2 x
f(x )= x 3 = x 2 ¢x =) f0(x )= 2 x ¢x + x 2 ¢1= 3x 2

...
...

f(x )= x n =) f0(x )=
f(x )= x n+1= x n ¢x =) f0(x )=

...
...

E xam ples

3.Com p lete the following state m e nts:

Iff(x )= 3x 2 ¡4x + 2 ,the n f0(x )=

Iffisa p olynom ialofde gr e e n,the n f0(x )isa p olynom ialofde gr e e ............
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The De rivative ofthe Sine Function

W e willassum e thatthe sine function isdi®e r e ntiable.(W e can con r̄ m thisne xtwe e k
once w e have the Chain R ule.)O ur strate gy willbe to startwith the trigonom etricide ntity

cos2 (x )+ sin2(x )= 1;

the n a p p ly the ProductR ule andsolve for sin0(x ).R e callthatcos0(x )= ¡sin(x ).

cos(x )¢cos(x )+ sin(x )¢sin(x )= 1
cos0(x )cos(x )+ cos(x )cos0(x )+ sin0(x )sin(x )+ sin(x )sin0(x )= 0

¡sin(x )¢cos(x )+ cos(x )¢
¡
¡sin(x )

¢
+ sin0(x )sin(x )+ sin(x )sin0(x )= 0

¡2 sin(x )cos(x )+ 2 sin0(x )sin(x )= 0
2 sin0(x )sin(x )= 2 sin(x )cos(x )

Ifsin(x )6= 0,the n sin0(x )= cos(x ):

T he one di±culty with thisde rivation isthatitdo esnotap p ly w he n sin(x )= 0.Do you
se e w hy? A shom e w ork you will̄ ndthe de rivative ofthe sine function dire ctly from the
de n̄ition ofthe de rivative.Thisway you willse e thatthe for m ula sin0(x )= cos(x )holds
eve n w he n sin(x )= 0.

The De rivative ofthe Tange ntFunction

T he tange ntfunction isde n̄edasthe q uotie ntofthe sine function by the cosine function:

tan(x )=
sin(x )
cos(x )

; cos(x )6= 0:

A p p lying the q uotie ntrule,

tan0(x )=
sin0(x )cos(x )¡ sin(x )cos0(x )

cos2 (x )

=
cos(x )cos(x )+ sin(x )sin(x )

cos2 (x )

=
1

cos2 (x )
= se c2 (x ):


