
Math 110 Class19 : W ednesday O ctobe r 11 Fall2 000

Som e Ele m e ntar y De rivative For m ulasandR ule s

W a r m -Up

1.Sup p ose a function fisdi®e r e ntiable atthe p ointa.W rite down the m athe m atical
de n̄ition off0(a).

De rivative ofa C onstantFunction

2 .Sup p ose f(x )= C ,a constant.Use the de n̄ition ofthe de rivative to n̄df0(a).

The for m ula you have foundworksno m atte r w hatvalue ahas.Thatis,give n a value of
aasinputyou can r eturn the value f0(a)asan outp ut.V ie w edfrom thisp e rsp e ctive,f0

isa function itself!

3.O n the axesto the le ft,p lotthe gra p h off(x )= 2 .O n the axesto the right,p lotthe
gra p h off0(a)for thise xa m p le.
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De rivative ofa Line a r Function

4.Sup p ose f(x )= mx + b,whe r e m andba r e constants. Use the de n̄ition of the
de rivative to n̄df0(a).

The for m ula you have foundworksno m atte r w hatvalue ahas.Thatis,give n a value of
aasan inp utyou can r e turn the value f0(a)asan outp ut.V ie w edfrom thisp e rsp e ctive,
f0isa function itself!

5.O n the axesto the le ft,p lotthe gr a p h off(x )= 2 x + 1.O n the axesto the right,
p lotthe gra p h off0(a)for thise xa m p le.

PR O PO SIT IO N : Sup p ose f(x )= c¢g(x ),whe r e c isa constantandgisdi®e r e ntiable at
a.The n fisdi®e re ntiable ataandf0(a)= c¢g0(a).

Proof: f0(a)= lim
x ! a

f(x )¡ f(a)
x ¡a

(de n̄ition ofthe de rivative)

= lim
x ! a

c¢g(x )¡ c¢g(a)
x ¡a

(de n̄ition offunction sum s)

= lim
x ! a

c¢g(x )¡ g(a)
x ¡a

(factoring)

= c¢lim
x ! a

g(x )¡ g(a)
x ¡a

(p rop e rty oflim its)

= c¢g0(a) (de n̄ition ofthe de rivative):
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De rivative ofthe C osine Function

Sup p ose f(x )= cos(x ).W e willuse the de n̄ition ofthe de rivative,along with p rop e rties
oflim itsandthe following thr e e facts,to n̄df0(a).

Thre e Facts

cos(x + h)= cos(x )cos(h)¡ sin(x )sin(h) (high schooltrigonom etry)

lim
h! 0

cos(h)¡ 1
h

= 0, lim
h! 0

sin(h)
h

= 1. (handout,W e e k 6 Hom e work)

The De rivation

f0(a)= lim
h! 0

f(a+ h)¡ f(a)
h

(de n̄ition ofthe de rivative)

= lim
h! 0

cos(a+ h)¡ cos(a)
h

(de n̄ition off)

= lim
h! 0

cos(a)cos(h)¡ sin(a)sin(h)¡ cos(a)
h

(trig ide ntity)

= lim
h! 0

cos(a)
¡
cos(h)¡ 1

¢
¡ sin(a)sin(h)

h
(factoring)

= lim
h! 0

cos(a)
¡
cos(h)¡ 1

¢

h
¡ lim

h! 0

sin(a)sin(h)
h

(p rop e rty oflim its)

= cos(a)¢lim
h! 0

cos(h)¡ 1
h

¡ sin(a)¢lim
h! 0

sin(h)
h

(p rop e rty oflim its,since

cos(a)andsin(a)
ar e constants)

= cos(a)¢0¡ sin(a)¢1 (know n facts)
= ¡sin(a) (arithm etic):

T he for m ula you have foundworksno m atte r w hatvalue ahas.Thatis,give n a value of
aasan inp utyou can r e turn the value f0(a)asan outp ut.V ie w edfrom thisp e rsp e ctive,
f0isa function itself!

6 .O n the axe sto the le ft,p lotthe gra p h off(x )= cos(x ).O n the axesto the right,
p lotthe gra p h off0(a).
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De rivative sofSum sandDi®e r e nce sofFunctions

THE O R EM: Sup p ose fandg a r e di®e r e ntiable ata.The n f+ gisdi®e re ntiable ataand

(f+ g)0(a)= f0(a)+ g0(a):

Proof: (f+ g)0(a)= lim
x ! a

(f+ g)(x )¡ (f+ g)(a)
x ¡a

(de n̄ition ofthe de rivative)

= lim
x ! a

¡
f(x )+ g(x )

¢
¡
¡
f(a)+ g(a)

¢

x ¡a
(de n̄ition offunction sum s)

= lim
x ! a

f(x )¡ f(a)+ g(x )¡ g(a)
x ¡a

(alge bra)

= lim
x ! a

f(x )¡ f(a)
x ¡a

+ lim
x ! a

g(x )¡ g(a)
x ¡a

(p rop e rty oflim its)

= f0(a)+ g0(a) (de n̄ition ofthe de rivative):

CO R O LLA RY: Iffandg a r e di®e re ntiable ata,the n f¡ gisdi®e re ntiable ataand

(f¡ g)0(a)= f0(a)¡ f0(a):

Proof: (f¡ g)0(a)=
¡
f+ (¡g)

¢0(a) (subtraction andadditive inve rses)
= f0(a)+ (¡g)0(a) (the the or e m above)
= f0(a)+ (¡1¢g)0(a) (p rop e rty ofadditive inve rses)
= f0(a)+

¡
¡1¢g0(a)

¢
(the p rop osition above)

= f0(a)+
¡
¡g0(a)

¢
(p rop e rty ofadditive inve rses)

= f0(a)¡ g0(a): (subtraction andadditive inve rses)

E xam ples

7 .Findthe de rivativesofthe following functions:

f(x )= 2 cos(x )+ 5x

g(x )= 4x ¡ cos(x )+ ¼
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T hishandoutsum m a rizesinform ation aboutlim itsthatyou have le a rnedor willle a rn
in the se condunitofthiscourse.

De n̄itions

W e say thatf(x )ap p r oachesL asx a p p r oachesafrom below ,andw rite

lim
x ! a¡

f(x )= L ;

ifandonly ifitisA LW A YS p ossible,in p rincip le,to com p lete a state m e ntofthe for m

\If < x < a,the n 0· jf(x )¡ L j< tole r ance,"

no m atte r how sm alla p ositive value w e choose for the \tole r ance."

W e say thatf(x )ap p r oachesL asx a p p r oachesafrom above ,andw rite

lim
x ! a+

f(x )= L ;

ifandonly ifitisA LW A YS p ossible,in p rincip le,to com p lete a state m e ntofthe for m

\Ifa< x < ,the n 0· jf(x )¡ L j< tole r ance,"

no m atte r how sm alla p ositive value w e choose for the \tole r ance."

W e say thatf(x )ap p r oachesL asx a p p r oachesa,andw rite

lim
x ! a

f(x )= L ;

ifandonly ifthe following thr e e state m e ntsare true :

lim
x ! a¡

f(x ) e xists;

lim
x ! a+

f(x ) e xists;

lim
x ! a¡

f(x )=L = lim
x ! a+

f(x ):
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Pr op e rties

Sup p ose thatthe lim itslim
x ! a

f(x )andlim
x ! a

g(x )e xist.The n

1.lim
x ! a

cf(x )= c¢lim
x ! a

f(x ), whe r e c isa constant

2 .lim
x ! a

(f(x )+ g(x ))= lim
x ! a

f(x )+ lim
x ! a

g(x )

3.lim
x ! a

f(x )g(x )= lim
x ! a

f(x )¢lim
x ! a

g(x )

4.lim
x ! a

f(x )=g(x )= lim
x ! a

f(x )=lim
x ! a

g(x ), p rovidedlim
x ! a

g(x )6= 0

5.(Sandwich T he or e m )
Iff(x )· h(x )· g(x )andlim

x ! a
f(x )= L = lim

x ! a
g(x ),the n lim

x ! a
h(x )= L.

Sp e cialLim its

lim
x ! a

C = C ;for any constantC

lim
x ! a

x = a

lim
x ! 0

sin(x )
x

= 1

lim
x ! 0

cos(x )¡ 1
x

= 0

lim
x ! 0

ax ¡ 1
x

= ln(a); a> 0

lim
x ! 0

(1+ x )1=x = e


