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Lim its,Continuity andDi®e r e ntiability

W a r m -Up

Ide ntify the following state m e ntsasTR UE or FA LSE.Ifa state m e ntisfalse,e xp lain w hy
itisfalse.

1.To say thata function iscontinuousm e ansthatitsgra p h doesn'thave any sha rp
corne rs.

2 .Ifa function iscontinuousata p oint,the n itm ustbe di®e r e ntiable atthatp oint.

3.To e valuate a lim itlike

lim
h! 0

(h + 1)2 ¡ 1
h

;

allyou have to do isre p lace e ach occur r e nce ofh with 0,the n sim p lify.
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R ulesfor W o rking W ith Lim its

B y working dire ctly with the de n̄ition of a lim ityou have be e n able to e valuate som e
lim its.Howe ve r,ase xp r e ssionsbe com e m o r e com p licateditcan be com e q uite cum be rsom e
to work dire ctly from the de n̄ition.The following alge braic rulesfor w orking with lim its
are ofte n ve ry use ful. (In a m or e advancedcourse you can le a rn how to de rive these
fr om the de n̄ition of the lim it. The de rivationsa re n'tdi±cult,butthe y ar e a little
tediousandwoulddistractusfrom our goalofusing lim itsto investigate continuity and
di®e re ntiability.)

THE O R EM: Sup p ose thatthe lim itslim
x ! a

f(x )andlim
x ! a

g(x )e xist.The n

1.lim
x ! a

cf(x )= c¢lim
x ! a

f(x ), whe r e c isa constant

2 .lim
x ! a

(f(x )+ g(x ))= lim
x ! a

f(x )+ lim
x ! a

g(x )

3.lim
x ! a

f(x )g(x )= lim
x ! a

f(x )¢lim
x ! a

g(x )

4.lim
x ! a

f(x )=g(x )= lim
x ! a

f(x )=lim
x ! a

g(x ), p rovidedlim
x ! a

g(x )6= 0

PR O PO SIT IO N : T he following state m e ntsar e true :

lim
x ! a

C = C ;for any constantC

lim
x ! a

x = a

Di®e r e ntiability Im p lie sC ontinuity

A lthough note ve ry function continuousata p ointisalso di®e re ntiable the r e,a function
w hich isdi®e r e ntiable ata p ointm ustbe continuousatthatp oint.Thism ay be intuitively
cle a r,butw e can also p r ove itform ally using the de n̄itionsofcontinuity anddi®e r e n-
tiability togethe r with som e ofthe p rop e rtiesoflim itsgive n in the p r e viousthe or e m and
p rop osition.

THE O R EM: Iff0(a)e xists,the n lim
x ! a

f(x )= f(a).

Proof: f(a)isa constant,so lim
x ! a

f(x )¡ f(a)= lim
x ! a

f(x )¡ lim
x ! a

f(a)= lim
x ! a

(f(x )¡ f(a))

= lim
x ! a

Ã
(x ¡a)

f(x )¡ f(a)
(x ¡a)

!
=
³
lim
x ! a

(x ¡a)
´
¢
Ã
lim
x ! a

f(x )¡ f(a)
(x ¡a)

!
= 0¢f0(a)= 0.

The r e for e,lim
x ! a

f(x )¡ f(a)= 0,so lim
x ! a

f(x )= f(a):

4.W hich p r op e rtiesoflim itsw e r e usedin p roving thisthe or e m ?


