
Math 110 Class11: W ednesday,Se p te m be r 2 0 Fall2 000

Succe ssive A p p r oxim ationsandEule r'sMethod

W hy A r e Sm allSte p sizesGood?

A syou know,whe n you a p p ly E ule r'sMethodto an initialvalue p r oble m using a
p a rticula r ste p size you getone p ie ce wise line a r function.Thisp ie ce wise line a r function is
r e gardedasan a p p roxim ation to the solution ofthe initialvalue p roble m .

Sup p ose you the n a p p ly E ule r'sMethodto the sa m e initialvalue p roble m using a
sm alle r ste p size.Thisp roduce sanothe r p ie ce wise line a r function,inte r p r e tedasanothe r
a p p r oxim ation to the solution ofthe initialvalue p r oble m .

1.From your e xp e rie nce with E ule r'sMethodin thiscourse,whate vide nce do you have
thatthe a p p roxim ation p roducedusing the sm alle r ste p size isge ne r ally the be tte r
a p p roxim ation?

2 .From your unde rstanding ofE ule r'sMethod,W HY do you think thatusing a sm alle r
ste p size p roducesa bette r a p p r oxim ation?
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Succe ssive A p p r oxim ationsA r e B e tte r Than A Single A p p r oxim ation

You m ightthink thatallyou ne edto do with E ule r'sMethodisp ick a r e ally sm all
ste p size anduse itto p roduce one p ie ce wise line a r a p p r oxim ation to the solution ofthe ini-
tialvalue p r oble m .How e ve r,itisbette r to r e p e atE ule r'sMethodseve raltim es,e ach tim e
using a sm alle r ste p size,to cre ate a se q ue nce ofsuccessive p ie ce wise line a r a p p r oxim ations.
He r e a r e som e e xa m p lesto illustrate w hy thisisso.

You MightB e Missing So m ething

T he following initialvalue p roble m shouldlook fa m iliar :

C 0(t)= 2 t¢(C (t))2 ; C (1)= ¡1:

For our lastq uizyou usedE ule r'sMethod
with a ste p size of¢ t= 1to construct
a p ie ce wise line a r a p p r oxim ation to the solution
on the inte rval1· t· 3.O n the p lotatright,
thatap p r oxim ation andtwo othe r a p p roxim ations
(using ste p sizes¢ t= 1=2 and¢ t= 1=4,
resp e ctively)a re p lottedon thisinte rval.
The gr a p h ofthe actualsolution,C (t)= ¡1=t2,
isalso p lotted.(You'llle a rn the te chniq ue for
n̄ding the e xactsolution to initialvalue p roble m s
like thisone in Math 12 0.)

3.W hatim p ortantfe atur e ofthe true
solution doesthe a p p r oxim ation using
¢ t= 1failto cap tur e ?

T he p roble m he r e isnotthe size ofthe original¢ t p e r se,butthe size ofthat¢ t r e lative
to how q uickly the slop e ofthe true solution changes.Thus,in a p roble m w he r e the slop es
changedve ry q uickly,whatm ightse e m to be a sm all¢ t m ightnotbe sm alle nough.
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How Sm allIsSm allEnough?

In p r actice,a se q ue nce of E ule r'sMethodap p roxim ationsisp roduced,e ach with a
sm alle r ste p size,untilyou notice ve ry little change in ap p roxim ationswhe n the ste p size is
furthe r r educed.A n e xam p le isgive n below for anothe r initialvalue p roble m with which
you a r e fa m iliar :

y0(t)= 2 t; y(0)= 0:

T he e xactsolution ofthisinitialvalue p r oble m isy(t)= t2 (som e thing you willalso le a rn
in Math 12 0).

In the p lotatthe right,you se e
w hatap p e a r to be v̄e function gr a p hs.
A ctually,the r e a r e T E N p lottedthe r e .
T hisisa se q ue nce ofte n p ie ce wise line a r
a p p r oxim ationsto the solution,e ach one
p roducedusing E ule r'sMethodusing a
ste p size halfaslarge asbe for e.
T he lastsix ofthese a p p roxim ations
a re ,how e ve r,esse ntially indistiguishable
atthislevelofr esolution.Thisgivesone
a lotofcon d̄e nce thatthe y a r e q uite close
to the true solution.

4.W hatdoesthe seque nce ofa p p r oxim ations
tellyou in thiscase thatno single one
ofthe m can tellyou?

Inte rlude

5.Sup p ose you have two variablesA andB,
andyou know thatthe r atio A =B isconstant.
Com p lete the following state m e nt
ande xp lain your answ e r :

\A is to B."
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E ule r E r r o r ata PointisA p p r oxim ately Pr op o rtionalto Ste p size

W e now shiftour focusfrom the e ntire a p p r oxim ation p roducedby E ule r'sMethod
to an individualp oint.For e xa m p le ,itcan be show n (Math 12 0 again)thatthe cor r e ct
solution to the initialvalue p r oble m

y0(t)= 3t2 ; y(0)= 0

hasthe value 8 w he n t= 2 .Thatisy(2 )= 8.
W hatdoesE ule r'sMethodp r edictthatthe value ofywillbe att= 2 ? Itde p e ndson

the ste p size,ofcourse.The table below showsthe r esultsofE ule r'sMethodfor a se q ue nce
ofde cre asing ste p sizes.Howe ve r,rathe r than tabulating the estim atesfor y(2 ),thistable
give the valuesofthe r atio (estim atedy(2 )¡ 8)=¢ t.

¢ t (estim atedy(2 )¡8)
¢ t

2 1 -4

2 0 -5

2¡1 -5.5

2¡2 -5.7 5

2¡3 -5.87 5

2¡4 -5.937 5

2¡5 -5.96 87 5

2¡6 -5.98437 5

2¡7 -5.99 2 187 5

2¡8 -5.99 6 0937 5

2¡9 -5.998046 87 5

6 .W hatdoesthistable tellyou aboutthe r elationship betw e e n the estim ation e r r o r and
the ste p size asthe ste p size getsclose r andclose r to ze r o? W hy can'tyou ne cessarily
discove r thisrelationship by lo oking atonly one a p p roxim ation?


