
Math 110 Lab 3: A R e n̄edCo oling Model Fall2 000

R e calling N e wton'sLaw ofCo oling

In Lab 2 you studieda m odeldevelop edto p r edictthe te m p e r ature ofhotwate r in
a cove r edalum inum cup ,p a rtially subm e rgedin an ice bath in a cove r edcoole r.Unde r
the assum p tion thatthe a m bie ntte m p e r atur e A r e m ainedconstant,the m odel(N e wton's
Law ofCooling)took the for m ofa rate e q uation

H 0(t)= ¡k ¢(H (t)¡ A)

togethe r with an intialcondition.The valuesofthe constantsk > 0 andA w e r e e stim ated
from the data.

R e n̄ing the Model

In Class8,thism odelwasr e n̄edto take into accountthe factthatthe a m bie nt
e nvironm e ntconsistedof two p a rts{an ice bath andthe air above the ice bath and
the cove r edalum inum cup containing the hotwate r.B e cause som e ofthe alum inum cup
w ase xp osedabove the surface ofthe ice bath,he atfrom the w ate r couldbe conducted
through the alum inum andradiate into the air.Thiswouldraise the te m p e r ature ofthe
air (violating our p r e viousassum p tion thatthe a m bie ntte m p e r ature r e m ainedconstant).

Late r,afte r the w ate r hadbe e n co oledq uite a bit,he atfrom the air couldbe conducted
through the alum inum back into the w ate r.T hiscoulde xp lain w hy the wate r e ve ntually
cooledm or e slowly than p r edictedby the sim p le N e wton'sLaw ofCo oling m odelw e looked
atin Lab 2 .These conside rationsle adto the following m odel:

Let...
H (t)denote the te m p e ratur e ofthe w ate r,in de gre e C elsius
A(t)denote the te m p e ratur e ofthe a m bie ntair,in de gre e C elsius
H 0(t)denote the rate ofchange ofH (t),in degre e sC elsiusp e r se cond
H 0

A(t)de note the r ate ofchange ofH (t)due to inte r action with the a m bie ntair
H 0

B(t)denote the rate ofchange ofH (t)due to inte r action with the ice bath
A 0(t)denote the rate ofchange ofA(t),in degre esC elsiusp e r se cond
A 0
H (t)denote the r ate ofchange ofA(t)due to inte r action with the wate r

A 0
B(t)denote the rate ofchange ofA(t)due to inte raction with the ice bath

N ote thatthe te m p e r ature ofthe ice bath re m ainsa constant0±C.The n

H 0(t)= H 0
A(t)+ H 0

B(t)
A 0(t)= A 0

H (t)+ A 0
B(t)

To m odele ach ofthe ratesH 0
A(t),H

0
B(t),A

0
H (t)andA 0

B(t)w e can use the sam e ide asthat
ledusto N e wton'sLaw ofCooling in the r̄stp lace.

1.You shouldbe able to e xp lain e ach ofthese :

H 0
A(t)= ¡k1¢(H (t)¡ A(t)); H 0

B(t)= ¡k2 ¢(H (t)¡ 0)
A 0
H (t)= ¡k3 ¢(A(t)¡ H (t)); A 0

B(t)= ¡k4¢(A(t)¡ 0)
whe r e k1,k2 ,k3 andk4a r e p ositive constants.
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Putting the se alltogethe r w e have the m odel:

H 0(t)= ¡k1¢(H (t)¡ A(t))¡ k2 ¢(H (t)¡ 0); H (0)= 84:98
A 0(t)= ¡k3 ¢(A(t)¡ H (t))¡ k4¢(A(t)¡ 0); A(0)= A 0

Estim ating Par am e te rs

A sitstands,the r e a r e v̄e p a ra m e te rsin thism odelthata re notye tdete r m ined: k1,
k2,k3,k4andthe initialvalue A 0 ofthe a m bie ntair te m p e r ature .From the e xp e rim e ntal
data,w e also have the following obse rvations:

a) H 0(0)¼ ¡0:7 (estim atesofthisinitialrate va ry according to the tim e inte rvalused);

b) afte r 45 m inutes,the w ate r te m p e r ature isa little above 3:5±C andchanging ve ry
slowly.

The se condobse rvation sup p orts{in the abse nce ofactualm e asur e m e nts{setting

A 0 = 3:5:

T he r̄stobse rvation isa constrainton the valuesofk1 andk2,

¡0:7 ¼ ¡k1¢(H (0)¡ A(0))¡ k2 ¢(H (0)¡ 0)
= ¡k1¢(84:98 ¡ 3:5)¡ k2 ¢(84:98 ¡ 0)
= ¡81:48 ¢k1¡ 84:98 ¢k2 ;

buttellsusnothing aboutk3 andk4.

W e r e data available for A(t),a va riety ofte chniq uescouldbe usedto estim ate allthese
p a ra m e te rs.In the abse nce ofthisdata,trialande rr o r hasbe e n usedto n̄dp a ra m ete r
valueswhich yielda solution H (t)m atching the data q uite a bitbette r than thatofthe
sim p le N e wton'sLaw of Cooling m odel. The fullre visedm odel,with these p a ra m e te r
values,is:

H 0(t)= ¡0:006 5¢(H (t)¡ A(t))¡ 0:0007 5¢(H (t)¡ 0); H (0)= 84:98
A 0(t)= ¡0:0013 ¢(A(t)¡ H (t))¡ 0:0005¢(A(t)¡ 0); A(0)= 3:5

A p p r oxim ating SolutionsUsing Eule r'sMethod

E ve n though thism odelhastwo r athe r than one rate e q uations,you can stilluse
E ule r'sMethodto p roduce a p ie ce wise line a r a p p r oxim ation to H (t),andatthe sa m e
tim e a p ie ce wise line a r a p p roxim ation to A(t):

¢ H ¼ H 0(t)¢ t
¢ A ¼ A 0(t)¢ t

H (t+ ¢ t)= H (t)+ ¢ H
A(t+ ¢ t)= A(t)+ ¢ A

T he ne w fe ature he r e isthatto com p ute the slop e H 0(t)you ne edto know both H (t)A N D
A(t).Sim ilarly,to com p ute the slop e A 0(t),you ne edto know both A(t)andH (t).
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2 .A p p ly E ule r'sMethodto thism odel,using ¢ t= 1=2 ,to com p lete the r̄stthr e e r ows
ofthe following table :

t H (t) A(t) ¢ t H 0(t) A 0(t) ¢ H ¢ A

0 84:98 3:5 0:5

0:5 0:5

1:0 0:5

1:5 0:5

3.A ccording to your calculations,doesthe value ofA(t)initially incr e ase or de cr e ase ?

4.B y looking atthe rate e q uationsandby thinking aboutthe e xp e rim e nt,whatdo you
e xp e ctwillhap p e n to the di®e re nce betw e e n H (t)andA(t)astim e p asses?

Intr oducing True B A SIC

You have le a rnede nough E xcelby thisp ointthatyou couldcr e ate a table in E xcelto
com p ute E ule r'sMethodfor thism odel.R athe r than asking you to do so,how e ve r,this
lab willintroduce you to a p r ogr a m COOLER2,w ritte n in the p r ogra m m ing language True
B A SIC,thatalr e ady doesthisfor you.

Go with your lab group to the com p ute rsandClick on the following icons: Mathe m atics
! True B A SIC Calculus! TB bronze! Math110

O p e n CO O LE R 2 .T R U

Two windowswillop e n up w he n you launch thisp rogra m . O ne ofthe m hasthe True
B A SIC p rogra m CO O LE R 2 .Thisisthe window you willinte ractwith to m odify andrun
thisp rogra m .A sthe course p rogr esses,you willbe com e som e w hatm or e fa m iliar with this
p rogr am m ing language.For now,justnote w he r e the r ate e q uationsandinitial
conditionsar e w ritte n in the p r ogr a m .
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T hisp rogra m usesE ule r'sm e thodto calculate andp lotp ie ce wise line a r ap p roxim a-
tionsto H (t)andA(t).You can ḡur e outwhatvalue of ¢ t isbeing usedthrough the
following calculation:

t final ¡ t initial
number of steps

=

5.W hy can you n̄d¢ tthisway? W hatvalue of¢ tisbeing used?

W ith the m ouse,sele ctR un from the m e nu ba r atthe top ofthe window. W he n the
p rogr am runs,itop e nsup a grap hicswindow giving both gra p hsanda table ofvalue s.
The p r ogra m willp ause p a rtway through the calculations.De p r essthe sp ace ba r to have
the p r ogra m continue.

The gra p h ofthe E ule r'sMethodap p roxim ation to the m odelsolution for H (t)ap p e a rs
in r ed,the gra p h of the E ule r'sMethodap p r oxim ation to the m odelsolution for A(t)
ap p e a rsin blue andthe p lotof the value sof H (t)obse rvede xp e rim e ntally ap p e a r in
gre e n.You willse e both a gr a p h anda table ofvalues.

6 .Do the se r esultssup p ortyour p r ediction conce rning the di®e re nce betw e e n H (t)and
A(t)?

7 .In w hatwaysisthisap p r oxim ation to the e xp e rim e ntally obse rvedvaluesof H (t)
sup e rior to the a p p r oxim ation from the sim p le N e wton'sLaw ofCooling? In w hat
waysisthe r e visedm odelstillnotade q uate ?

Se nsitivity to Par a m e te r V alues

8.W ith the m ouse,click on the box atthe up p e r le ftcorne r ofthe scre e n to r eturn to the
p r ogra m .A swasm e ntionedbe for e,the p a ra m e te r valueswe r e foundm ostly by trial
ande rr o r.Pick atle astT W O ofthe p a r a m e te rslistedbelow,andre p o rton the e ®e ct
ofde cr e asing A N D incr e asing their m agnitudeswhile ke e p ing the othe r p a r a m e te rsat
their originalvalues.
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Decre ase A(0)to 0:

Incr e ase A(0)to 7 :

De cr e ase k1to 0:005:

Incr e ase k1to 0:008:

De cr e ase k2 to 0:0005:

Incr e ase k2 to 0:0010:

De cre ase k3 to 0:001:

Incr e ase k3 to 0:00016 :

De cr e ase k4to 0:001:

Incr e ase k4to 0:0010:
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Pr e p a ring Your Lab R e p o rt

Your r e p o rtshouldconsistofa cove r p age with the title ofthe r e p o rtandthe na m es
andsignaturesofyour lab gr oup m e m be rs.A lso indicate your Lab Se ction andLab
Tim e,e .g. Se ction 3: T hursday 10:00a m . E ach p e rson (in a group of thre e )should
com p lete a r̄stdraftofone ofthe thre e p a rts,andthe gr oup shouldm e etto re adand
discussthese draftsbe for e subm itting the n̄alre p ort.The n̄alr e p o rtisDUE IN N E X T
W E E K 'S LA B.Grading willbe C redit/N o C reditwith,how e ve r,a high standardfor
r e ceiving cr edit.Ifyou do notinitially r e ceive cr edityou willhave one w e e k to r e vise the
r e p o rtto cor r e ctany p r oble m swith it.

You willne edto r e fe r to the lab handoutfor thislab to answ e r these q ue stions.

Part1

Pick one ofthe the e q uationsfor H 0
A,H

0
B,A

0
H or A 0

B ande xp lain w hy the e q uation
m ay be r e asonable.The n state the fullinitialvalue p roble m w hich isthe r e visedcooling
m odel. In w hatwaysdo esitdi®e r from the sim p le N e wton'sLaw of Cooling Model?
E xp lain how E ule r'sm e thodcan be usedto n̄dp ie ce wise line a r a p p roxim ationsto H (t)
andA(t).Plotthese a p p r oxim ationsfor the r̄stfe w ste p s(asyou calculatedin the lab).

Part2

W hat,p hysically,do e ach ofthe p a ra m e te rsin thism odelr e p r e se nt? R e p o rton your
study ofthe se nsitivity ofsolutionsto changesin som e ofthe p a r a m te rsin thism odel.
Inte rp r e tthese changesin te r m softhe p hysicalm e aning ofthe p a r a m e te rs.

Part3

T hisq uestion m ay se e m e asie r than the r est,butisde e p e r in som e w ays.Justbe cause
thism odeldo esa p r e tty goodjob of t̄ting the data,do esthism e an thatitisne a rly cor r e ct
in accounting for the p hysicalp r ocessesp roducing the co oling? Can you think ofw ays
(p e rha p slooking atthe r elative m agnitudesofsom e ofthe p a ra m e te rs)in which the m odel
m ay be inco r rect?


