
Homework #7 Math 460, Topology.

1. (a) Let X1 = R, T1 = {(a,∞) | a ∈ R} ∪ {R, φ}. Prove that T1 is a topology.

(b) Let (X2, T2) be R with the standard topology (i.e., the topology induced by the Euclidean
metric). With (X1, T1) given above, let f : X1 → X2 be given by f(x) = x. Is f continuous?
Is f−1 continuous? Prove your answers.

2. For i = 1, 2, let (Xi, Ti) be a topological space.

(a) Show that if T1 is the discrete topology, then every function f : X1 → X2 is continuous.

(b) Show that if T2 is the indiscrete topology, then every function f : X1 → X2 is continuous
(regardless of what T1 is).

3. For i = 1, 2, 3, let (Xi, Ti) be a topological space. Let f : X1 → X2 and g : X2 → X3 be continuous
maps. Prove that their composition g ◦ f : X1 → X3 is continuous.

Extra Credit Problems

4. Let X and Y be topological spaces. Prove f : X → Y is continuous iff it takes limit points to
limit points; i.e., f is continuous iff for every p ∈ X that’s a limit point of a subset A ⊆ X, f(p)
is a limit point of f(A).

5. Definition Let (X, d) be a metric space. We say a sequence of points a1, a2, a3, · · · ∈ X converges
to a point p ∈ X if ∀ε > 0 ∃M such that ∀n > M , d(an, p) < ε. We write limn→∞ an = p, and say
the sequence a1, a2, a3, · · · is convergent.

Let (X1, d1) and (X2, d2) be metric spaces. Prove that f : X1 → X2 is continuous iff for every
convergent sequence a1, a2, a3, · · · ∈ X1, limn→∞ f(an) = f(limn→∞ an).
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