
Se ction 6 .2 : Diagonalization Math 2 14: Line a r Syste m s

R e calldefofdiagonalm atrix: both up p e r-andlowe r-triangular.

De n̄ition 1.A m atrix A issaidto be diagonalifitsnondiagonale ntriesare allze ro,i.e.,for i 6= j,
A i;j= 0.

(The diagonale ntriesm ay o r m ay notbe ze ro.)

Diagonalm atricesar e \e asy"

Exam p le 1.Itise asy andq uick to tellwhethe r a diagonalm tx isinve rtible o r not; how? A ns: itsdet
isthe p r oductofitsdiagonale ntries.

Exam p le 2.LetA =

2
4

a 0 0
0 b 0
0 0 c

3
5.FindA n for any naturalnum be r n.A ns: A n =

2
4

an 0 0
0 bn 0
0 0 cn

3
5.

Exam p le 3.LetA =
·

1 2
¡1 4

¸
. From be fo re ,we ge te -vals¸1 = 2 ,¸2 = 3,e-ve cs~v1 = (2 ;¡1),

~v2 = (1;1).

Q : LetS be the m atrix whose jth colum n isthe eige nve ctor ~vj.W rite outwhatS is.

Q : Com p ute S ¡1A S .A ns: it'sa diagonalm tx ¤ with ¤1;1= ¸1= 2 ,and¤2 ;2 = ¸2 = 3.

Thisisnota coincidence !

Theo re m 1.Sup p ose A isan n£n m atrix with n line a rly inde p e nde nteige nve ctors~v1;¢¢¢;~vn. Let
¸1;¢¢¢;̧ n be the co r r esp onding eige nvalues(notne cessarily distinct).Let¤ be the diagonalm atrix
with ¤i;i = ¸i.LetS be the m atrix whose jth colum n isthe eige nve ctor ~vj.The n S ¡1A S = ¤.

Proof.A S = [A col1(S ) ¢¢¢ A coln(S )]= [A ~v1 ¢¢¢ A ~vn]= [¸1~v1 ¢¢¢¸n ~vn]= S ¤.Since ~v1;¢¢¢;~vn
a r e lin inde p ,by a p r e viousthm S isinve rtible ; so S ¡1A S = ¤.

Theo re m 2.(Conve rse of p r e viousthe o r e m .) LetA andB be n£n m atricessuch thatB¡1AB isa
diagonalm atrix D . The n e ach colum n ofB isan eige nve ctor ofA,with cor r esp onding eige nvalues
ap p e aring on the diagonalofD .

Pro of: O n p ractice n̄al.

De n̄ition 2.A m atrix A issaidto be diagonalizable ifthe r e e xistsa m atrix B such thatB ¡1AB is
a diagonalm atrix.

Exam p le 4.The m atrix A =
·

1 2
¡1 4

¸
fro m the e xa m p le above isdiagonalizable.W hy?

Corollary 3.A n n£n m tx isdiagonalizable i®ithasn lin inde p e -ve cs.

Exam p le 5.Prove thatifBAB ¡1= D ,the n A n = B ¡1D nB.A ns: A = B ¡1D B.

So A n = (B ¡1D B)(B ¡1D B)¢¢¢(B ¡1D B)(m ultip ly n tim es). Sim p lify: A n = B D I D ¢¢¢I D B ¡1 =
B D nB ¡1.

Exam p le 6.LetA =
·

1 2
¡1 4

¸
.Use the e-ve c m tx S andthe e-valm tx ¤ andthe above e xam p le to

n̄dA100.
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Exam p le 7.Fibonaccinum be rs: 0;1;1;2 ;3;5;8;13;2 1;¢¢¢.Letf(n)= the nth Fibonaccinum be r.The n
f(0)= 0,f(1)= 1; f(n)+ f(n + 1)= f(n + 2 ).Thisisa recursive for m ula: w e use p r e viousvaluesof
fto n̄dthe ne xtone .

Finda for m ula for f(n)in te r m sofn only (a non-re cursive for m ula).

\Trick":
·
0 1
1 1

·̧
f(n)

f(n + 1)

¸
=
·

f(n + 1)
f(n + 2 )

¸
.(W hy?)

So
·
0 1
1 1

ņ·f(0)
f(1)

¸
=
·

f(n)
f(n + 1)

¸
.(W hy?)

LetA =
·
0 1
1 1

¸
.The n A n

·
0
1

¸
=
·

f(n)
f(n + 1)

¸
.

Finde-valsande-ve cs: ¸1= (1+
p
5)=2 (the Golden R atio!),̧ 2 = (1¡

p
5)=2 .~v1= ((¡1+

p
5)=2 ;1),

~v2 = ((¡1¡
p
5)=2 ;1).

Com p ute A n asin the p r e viouse xam p le.(Thisisa bitofwork; for a nice shortcut,se e the bo ok.)

The n we ge tthe am azing form ula:

f(n)=
1p
5

"Ã
(1+

p
5

2

!n

¡
Ã
(1¡

p
5

2

!n#

2


