
Se ction 6 .1: Eige nvaluesandEige nve ctors Math 2 14: Line a r Syste m s

Motivation

Multip lication of an m£n m atrix A by a ve ctor ~x can be thoughtofasa function from R n to R m:
f(~x )= A~x .(Draw diagra m .)Inste adofconce ntrating on solving A~x =~b,we now shiftour view a little
in orde r to unde rstandthisfunction.

Let'slook only atthe case w he n A isa sq uare m atrix: n £n.The n A isa function from R n to R n .

Let'ssay n = 2 .W hatdoesA do to the x y-p lane ? Som e m atricesrotate the p lane.Som e stre tch or
contractit.Som e collap se itto a line,or to a p oint.

Exam p le 1.Describe (using p ictur esandwords)whate ach ofthe following m atricesdoesto R 2.

(a)A =
·
2 0
0 2

¸
.A ns: do esn'tchange dire ction ofany ve ctor ; m akese ve ry ve ctor twice aslong.

(b)A =
·
1 0
0 2

¸
. A ns: stretchesthe p lane ve rtically be a factor oftwo. The x -andy-axesdon't

change dire ction.B utallothe r linesdo change dire ction (the y be co m e ste e p e r).

(c)A =
·
1 0
1 0

¸
. A ns: x -axisturnscounte r-clockwise 45 de gr e e s,andstretchesby a factor of

p
2 ;

y-axiscollap sesto a p oint.

(d)A =
·
2 1
1 2

¸
.A ns: x -axisturnscounte r-clockwise by arctan(1=2 ),andstretchesby a factor of

p
5;

y-axisturnsclockwise by arctan(1=2 ),andstretchesby a factor of
p
5.

Q : For the lastm atrix,ar e the re any ve ctorsthatdo notchange dire ction? A ns: Yes: (1;1).

De n̄ition 1.LetA be a sq ua r e m atrix.A nonze ro ve ctor ~v isan e ige nve ctor for A ifA~v hasthe sam e
dire ction as§~v,i.e.,A~v = ¸~v for som e scalar ;̧ ¸ issaidto be the e ige nvalue thatcor r esp ondsto the
eige nve ctor ~v.

(? \Eige n" = own,p e culiar,characte ristic)

Exam p le 2.Findan eige nve ctor andan eige nvalue fo r A =
·
1 2
2 1

¸
.A ns: eige nve ctor : (1;1); cor r e-

sp onding eige nvalue : 3.

Exam p le 3.Isthe r e a m atrix thathasno eige nve ctors(i.e.,eve ry ve ctor do eschange dire ction)? A ns:

Yes,a m atrix thatrotatesthe whole p lane : Pick any angle,say µ= 30±.LetA =
·
cos(µ) ¡sin(µ)
sin(µ) cos(µ)

¸

Q : Let~e1= (1;0),~e 2 = (0;1).Com p ute A ~e 1 andA ~e 2.

How to n̄deige nve ctorsandeige nvalues

Exam p le 4.Findeige nve ctorsandeige nvaluesfor A =
·

1 2
¡1 4

¸
by following the ste p sbelow.

W e want~x such thatA~x = ¸~x ,for som e scalar ¸.So A~x ¡¸~x =~0,so A~x ¡¸I ~x =~0,so (A ¡¸I )~x =~0,
so ~x isin the nullsp ace ofA ¡¸I.

Q : W e w anta nonze ro sol; why? A ns: B y def,~0isnotconside r edan e-ve c.

Q : Shoulddet(A ¡¸I )be ze ro o r nonze ro fo r (A ¡ I̧ )~x =~0to have a nonze ro solution? A ns: 0.

Q : For w hatvaluesof¸ isdet(A ¡¸I )= 0?
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A ns: A ¡¸I =
·
1¡¸ 2
¡1 4¡¸

¸
.So det(A ¡ I̧ )= (1¡¸)(4¡¸)¡(¡1)(2 )= ¸2 ¡5̧ + 6 .Thisis

calledthe characte ristic polynom ialfor the m atrix A.

W e wantto n̄dthe ro otsofthe p olynom ial.W hy?

The ro otsar e : ¸1= 2 ; 2̧ = 3 .These a re the e-valsfor A.

Q : How do w e n̄dthe cor r esp onding eige nve ctors? A ns: For e ach e-vaļ ,com p ute the m atrix A ¡¸I,
and n̄dsolutionsto (A ¡¸I )~x =~0.

W e geteige nve ctors: fo r ¸1,~v1= (2 ;¡1); for 2̧,~v2 = (1;1).

De n̄ition 2.Give n a sq ua re m atrix A,det(A ¡¸I )iscalledthe characte ristic p olynom ialofA.

O utline ofp rocessfor n̄ding eige nve ctorsandeige nvalues

Ste p 1.Findro otsofcharacte ristic p olynom ial(det(A ¡ I̧ )= 0).These a re the e-vals.

Ste p 2 .For e ach ro ot¸i,̄ ndthe sp e cialsolutionsto (A ¡¸iI )~x =~0.These a r e the e -ve cs.

N ote.Som etim esthe r e a r e no e-vals: the cha racte ristic p olynom ialm ay have no r e alro ots(itm ight
have com p le x ro ots,which we don'twork with he re ).In thatcase the r e a re no e-ve cs!

Exam p le 5.Findalle-valsande-ve csfor A =
·
0 1
1 1

¸
.

Ste p 1.The characte ristic p olynom ialis: det
·
0¡¸ 1
1 1¡¸

¸
= ¡̧ (1¡¸)¡1= ¸2 ¡¸¡1.

Use the q uadratic form ula to n̄dthe ro ots: ¸1= (1+
p
5)=2 (the Golde n R atio!),̧ 2 = (1¡

p
5)=2 .

Ste p 2 .Finde-ve csfor ¸1:
¡̧ 1x + y= 0

x + (1¡¸1)y= 0
.The two e q uationsare m ultip lesofe ach othe r : (1¡

¸1)(e q n1)= e q n2 ,b/c,by above,¡̧ (1¡¸)= 1.

Pick y asa fr e e va riable : y = 1,so,by e q n2 ,x = ¸1¡1= (¡1+
p
5)=2 . So our r̄ste-ve c is:

~v1= ((¡1+
p
5)=2 ;1).

Sim ilarly,we n̄dour se conde-ve c,cor re sp onding to 2̧,to be : ~v2 = ((¡1¡
p
5)=2 ;1).

Line a r A lge bra hasm any ap p lications,including: solving syste m sofdi®e r e ntiale q ns(sec 6 .3); t̄ting
curvesto data (le astsq uar es,se c 4.3); com p ute r grap hics(ch 8); line ar p r ogra m m ing; Grap h T he o ry
(ch 8); E conom ics(ch 8); p hysics; biology; che m istry; m ostscie nces; etc.

N e xttim e we'llse e an ap p lication with FibonacciN um be rs.
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