Math 114                                               Calculus I                                               Fall 2004
Week 8 Lab

Extracting Information From Rate Equations:

Euler’s Method

Names of the participants in your group:

Introduction
In a previous lab, you used Newton’s Law of Cooling (and Warming) to set up an initial value problem (a rate equation and an initial condition) that describes the behavior of the temperature of an object as time progresses.  Recall that Newton’s Law of Cooling (and Warming) states that when an object is placed in an environment with ambient temperature 
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, the object’s temperature 
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 tends to change at a rate proportional to the difference between the object’s temperature and the ambient temperature.  In symbols: 
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In this lab, you will learn how the initial condition and the rate equation allow you to predict (to any degree of accuracy you wish) future temperatures of the object.

Part 1: Developing the process called Euler’s Method
One of the problems in the previous lab concerned the temperature of a pitcher of lemonade left out in the warm outdoors after having been left in the refrigerator.  If 
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 is the temperature of the pitcher (in degrees Fahrenheit) 
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 minutes after the pitcher has been left outside, then the behavior of the temperature 
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 can be described by the initial value problem:
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1.
Using the initial value problem for the temperature of the pitcher, what was the pitcher’s temperature when it was first left outside?  What was the temperature of the surrounding air outside?  At what rate was the temperature of the pitcher rising when it was first placed outside?  Please include units in all three of your answers.

2.
Suppose you wished to estimate 
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, the temperature of the pitcher after 
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 minutes.  One way would be to use the initial rate that you just found in 1, and assume (falsely) that the rate does not change throughout the 
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 minute period.  What estimate for 
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 would you get?  Would you expect it to be an overestimate or underestimate of 
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?  Explain.


Your result:
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3.
Most likely, the estimate for 
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 that you got in 
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 will not be a very reliable one because, quite simply, the temperature’s rate of change is not constant!  We might partially compensate for this difficulty by revising the rate periodically within the 
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 minute period.  For example, here’s how you can estimate 
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 with one intermediate revision of the rate:


(a)
First, use the initial rate that you found in 1 to estimate 
[image: image18.wmf])

6

(

P

.


(b)
Next, use your estimate of 
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 and the rate equation 
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 to get an estimate of 
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, the rate of change of the temperature after 
[image: image22.wmf]6

 minutes.


(c)
Finally, use your estimates of 
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 and 
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 to estimate 
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, the temperature after 
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 minutes.


Your result:
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(d)
Explain why it makes sense that your estimate in part (c) is less than the one you got in 2, but greater than 
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, the temperature of the pitcher after 
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 minutes.

4.
In 3, you broke the 
[image: image30.wmf]12

 minute time interval into 
[image: image31.wmf]2

=

n

 subintervals, each of length 
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 minutes by using the initial rate on the first subinterval, and the revised rate 
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 on the second subinterval.  This time, improve your estimate for 
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 yet again by revising your estimate of the rate of change 
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minutes over 
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 subintervals.  Show your work below.


Your result:
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Note:  The process of estimating a future value from and initial value and a rate equation by alternately using intermediate estimates of the value and the rate of change as above is called Euler’s Method.  (NOTE: “Euler” is pronounced “Oiler”, not “Yooler!”)

Part 2: Making Excel do your work for you!

5.
By decreasing the time step 
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and correspondingly increasing the number of subintervals 
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, you can improve your estimate of 
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 to any degree of accuracy desired.  It would help to automate this process.  First, convert the intermediate and final calculations of your work in 4 into tabular form by appropriately filling in the table below.

	
[image: image42.wmf]t


	
[image: image43.wmf]P



[image: image44.wmf](

)

P

t

P

t

t

P

D

+

=

D

+

)

(

)

(


	
[image: image45.wmf])

90

(

04

.

-

-

=

¢

P

P


	
[image: image46.wmf]t

P

P

D

¢

»

D



	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	


6.
Open the Excel spreadsheet for lab week 8.  Reproduce the table above on the spreadsheet, by formulas, making use of the cells where the values of 
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 and 
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 are entered.  (In this way, changing either or both of these values will automatically adjust the entire table for you.)

7.
By changing the value of 
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on the spreadsheet to each of the values given in the table below (and extending the table) find and record in the table below all of the resulting estimates of 
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 to as many decimal places as the spreadsheet will give you.  (Hint:  To navigate quickly through a large number of rows, try using Ctrl
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 and Ctrl
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	estimate of 
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From the estimates you have, what do you think the value of 
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 is, and to how many decimal places are you confident in your answer?

Part 3: Finding a formula for 
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8.
Change back to 
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 so as to keep the amount of data more manageable.  Not only does the spreadsheet give you an estimate of the final value 
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, it gives you a regular list of intermediate values as well.  Use the spreadsheet to find estimates of the times at which the pitcher’s temperature is one-half, one-quarter and one-eighth as close as the initial temperature to the outside temperature of 
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, and record the temperatures and corresponding times in the table below.

	fraction of closeness to outside Temperature
	pitcher’s temperature
	time at which the temperature occurs

	1
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Find and describe a pattern among the times you recorded.

9.
Make a graph of the pitcher’s temperature vs. time over the time period 
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 by using the Chart Wizard...ONLY THIS TIME, with the Chart type: XY(Scatter) use the Chart sub-type: option at the top of the second column  (the one with two opposing curved graphs and no points highlighted.)  Sketch the graph below, including scales on both axes.  Draw in the horizontal asymptote too.  Explain in detail how the shape of the graph, the asymptote and your observed pattern in 8, all suggest that a reasonable formula for 
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 is of the form 
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10.  Find the values of the parameters 
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(i)
Use the known value of the asymptote of 
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 to get the value of 
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(ii)
Use the known initial value 
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 (and the value of 
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 you just got) to find the value of 
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(iii)
Use the known initial rate of change 
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 (and the values of 
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 and 
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 that you just got) to find the value of 
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Your conclusion:  The formula for 
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 is 
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11.
Finally, verify the agreement of your formula and the spreadsheet values by adding a fifth column to your spreadsheet with your formula for 
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 as its header and the values that your formula gives you for the times in the first column as its content.  Compare the values in this column with the values of 
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 in the second column that Euler’s method gave you.  What do you notice?
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