Math 114                                               Calculus I                                               Fall 2004
Week 5 Lab

Introducing Rate Equations

Names of the participants in your group:

Introduction
This lab serves two purposes.  First, it extends your options using Excel.  In the last lab, you learned how to create tables and perform computations in tabular form.  In this lab, you will learn to create graphs of data from tables.

Calculus gives you both a language to use for talking about situations involving rates of change, and a way to analyze such situations.  The second purpose of this lab is to give you an example where the language aspect plays an important role.  You will be describing the behavior of a situation in terms of rate of change through a rate equation.

Part 1: Estimating Derivatives from Data
Suppose that I leave a cup of coffee that is initially 
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 in a room with good air circulation.  The ambient temperature of the room is 
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.  Each minute, the temperature of the coffee is measured.  Let 
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be the temperature of the coffee after 
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 minutes.  Below is a sampling of the data.
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1.
Use the data above to sketch the graph of 
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 vs. 
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 over the time period 
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.  Make sure to put a scale on both of your axes.

	


2.
In order to estimate 
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, the instantaneous rate of change of the temperature 
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 at time 
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, find the average rate of change of 
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 over the following time intervals:


(a)
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(b)
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(c)
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3.
On your graph in 1., draw the tangent line at 
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 and add the three secant lines whose slopes are the rates you just calculated.  Among these rates, which is the most accurate estimate of 
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?  Explain why below.

4.
Find the best estimate of 
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 from the table.  What time interval did you use?

Part 2: Examining the Data
Open the Excel spreadsheet for lab week 5.  You’ll find it at your class website.  The first worksheet contains the data for the temperature of the coffee over the 30 minute period.

5.
On this sheet, make a graph of 
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 vs. 
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.  Here’s how:


(a)
Highlight both columns of data together and click on the Chart Wizard icon (the icon with the three-colored vertical bar graph.)


(b)
For Chart type: choose XY (Scatter).  For Chart sub-type: choose the first option (the one that plots the data points alone.)  If you choose to, you can go through three further steps by clicking Next>, which will lead you through the process of labeling the graph and the axes.  But, we won’t...


(c)
Click Finish and drag the graph to the right of the yellow shaded table.  (To drag the graph successfully, you have to click on the white area around the graph itself to move it.)

6.
From the physical situation, what should the limit 
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 equal?  What does this say about the temperature of the coffee?

7.
The rate at which the temperature changes seems to be related to how close the temperature is to the ambient temperature (i.e. the temperature of the surroundings).  As the temperature of the coffee approaches the ambient temperature, what happens to the rate at which the temperature changes?

8.
We can compare the rate of change of the temperature (
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) with how close the temperature is to the ambient temperature (
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) by calculating the ratio 
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.  The headings of each of the yellow columns tell you the computations that must be made to fill in the rest of the table in order to calculate the ratio.  Complete the table according to the headings.  You should fill in the 
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 column with the best estimates for the rate of change of the temperature.  (See Part 1).

9.
Are the ratios in the column headed 
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 constant?  To help you with this, make a graph of 
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 vs. 
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, by following the same steps as in 5...ALMOST!  In this case, you need to highlight two nonadjacent columns.  First, highlight the portion of the first column that you need (
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 through 
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).  Then, press and hold the Ctrl key, and highlight the data in the column headed 
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.  Follow this by clicking on the Chart Wizard and proceeding as before.  Place this second graph below the first one you made.


Again, are the ratios in the column headed 
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 constant?  What is the constant?  How do you account for the increasingly erratic behavior in the ratios as 
[image: image45.wmf]t

 gets larger?

10.
Conclusion:  We can describe the behavior of the coffee’s temperature by the following two equations:
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(Use your observations in 9. to fill in the blanks appropriately for this situation.)


The equation for 
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 (called the initial condition) specifies the temperature at the beginning.  The equation for 
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 (called the rate equation, or differential equation) describes how the temperature changes throughout time from that initial value.  A rate equation coupled with an initial condition is called an initial value problem.

Part 3:  Newton’s Law of Cooling (and Warming)
Suppose an object with temperature 
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 is placed in an environment with ambient temperature 
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.  If the temperature of the object approaches the ambient temperature at the rate
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then 
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 satisfies Newton’s Law of Cooling (and Warming).  In words, it says (finish this sentence): The rate of change of an object’s tempertaure is proportional to...

12.
A pitcher of lemonade is left outside in 
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 weather.  At first, the temperature of the pitcher is 
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.  Immediately, upon exposure to the outside, its temperature begins to rise at the rate of 
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.  (In the following, please show any work you do.)


(a)
Will the temperature of the pitcher continue to rise at the same rate of 
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?  If not, what will the temperature do?  When will the temperature increase most rapidly?


(b)
Suppose we model the behavior of the pitcher’s temperature by Newton’s law of cooling (or warming, in this case).  Let 
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 be the pitcher’s temperature at time 
[image: image59.wmf]t

.  In the rate equation for Newton’s law, 
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, what is the value of 
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(c)
What is the value for 
[image: image62.wmf]k

?  (Hint: At one point of time, you know both the temperature of the pitcher and the rate at which the temperature changes.)


(d)
Write an initial value problem (rate equation plus initial condition) describing the temperature of the pitcher.


(e)
When the temperature of the pitcher reaches 
[image: image63.wmf]°
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, at what rate is it rising?  At what temperature is its rate equal to half of the initial rate of change?

(f)
Now, suppose that the temperature of the pitcher does not rise according to Newton’s law of Cooling.  Instead, suppose we model the rate at which the temperature increases by the rate equation
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where, as before, 
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 is the ambient temperature and 
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 is the constant of proportionality.  Find the value of 
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 for this new rate equation, and write the new initial value problem.

(g)
Use this model to find the temperature at which the pitcher is warming the fastest.  (Hint:  It might help to first graph 
[image: image68.wmf]P
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 vs. 
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